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F PREFACE. 



HAVING regard to recent developments in the subject and 
from experience in the lecture-room, the author has 
realised that the earlier book upon the Theory and Design of 
Structures omitted to deal with several problems that are of 
interest and importance to engineers. At the same time, the 
earlier book covers a fairly wide ground, which appears satisfactory 
for many engineers; and, after consideration, it was decided to 
keep the original book practically intact, and to write an ad- 
ditional volume. 

The same general aim has been kept in view in the present 
as in the previous work : namely, to give treatments which are 
theoretically sound, while presenting those treatments in as clear 
and simple a manner as possible. An attempt has been made 
to give nearly all the steps involved in mathematical deductions ; 
this is at the risk of criticism that the explanations are rather 
long, but experience has shown that many students find it very 
difficult to insert the gaps in mathematical reasonings that are 
usually made in text-books. 

The first portion of the book deals with the method of 
Influence Lines, which has been developed to a considerable 
extent within recent years ; next comes the Principle of Work 
and its application to deflections of framed structures, redundant 
frames, and rigid arches ; finally, we have Portals and Wind 
Bracings and Secondary Stresses, the importance of the analysis 
of both having been more fully realised within recent years, 
though they have not yet received the adecjuate treatment which 
they deserve. 
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The references in the text, such as A, p. 185, are to the author's 

* Theory and Design of Structures.^ Portions marked with 

an asterisk may be omitted in the first reading. 



CHAPTER I. 
INFLUENCE LINES. 

THE determination of the stresses in a bridge when a rolling 
load crosses it forms an important part of the design of 
a bridge and necessitates a considerable amount of work. The 
method of influence lines, which we will now describe, considerably 
facilitates the work in some cases, and is therefore gradually 
coming into general use. The progress is, however, very gradual. 
The method was first outlined in Germany by Weyrauch in 1873, 
and was first noticed in the English language in 1887 in a paper 
by Professor Swain before the American Society of Civil 
Engineers ; but it is only comparatively recently that it has 
figured in the engineering literature of this country. 

Definition. — An influence line for any given point v on a 
structure is such a line that its ordinate at any point q gives the 
bending mome?it^ shear or similar quantity at P when a unit load 
is placed at q. 

We shall limit our consideration to bending moment (B.M.) 
and shear and thrust influence lines. 

B 
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There is a fundamental difference between the bending 
moment and shear influence lines and the ordinary diagrams for 
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these quantities; this difference lies principally in the fact that 
the influence lines give ^t various points the values of the 
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quantities at the same point so that each point along the structure 
has its own influence lines. 

SIMPLY SUPPORTED BEAMS. 

We will proceed at once to the case of a simply supported 
beam to make this conception clear ; we shall here obtain some 
rules that are true for any kind of beam whatever be its method 
of support, and will indicate such rules by the mark t- 

If a unit load be placed at the point q of a simply supported 
beam a b, Fig. 1, the bending moment at p 

= Mp = Ra . fl! 
I X ^ 

but » Ra = — , - (by moments about b), 

, , 1 . X .a xa 

(reckoning clockwise moments as positive). 
This is proportional to x so that the B.M. influence line v/ill 
be a straight line a^ d b^, the ordinate p^ d being equal to - * 

the reasoning for a point q^ on the other side of p being exactly 
similar. 

To get the point d without calculation we will note that if 
Aj D and Bj D be produced to meet t;he reaction verticals, as 
shown in dotted lines, the intercepts will be equal to b and a 
respectively ; by setting up from b^ therefore a height equal to 
b and from a^ a height equal to a, and joining across, we get the 
point D. 

It is sometimes, however, more convenient to draw the 
influence line to an enlarged scale ; in this case the intercepts 
will be set up to this enlarged scale. 

Next consider the shear. (We shall consider upward shear to 
the right as positive, and to the left as negative.) 

Shear at p 

r. ' ^ -\ y. X 
= bp = - Ka = - 

This is proportional to a-, so that the shear influence line 
between b and p is a negative straight line b.^ f. 
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If the load is at a point q^ at the other side of the point p, 
Sp = -(R^-i) 

=-(-r'-0=*('-T)=(-r') 

_ u 

~ i 

The shear influence line between a and p is therefore a 
positive line AgE, which is drawn as shown. 

Total B.M. and Shear due to a Number of Loads. — 
Suppose there are a number of loads W^, Wg, Wg, &c., at points 
at which the ordinates of the B.M. and shear influence lines are 

yx^ J21 y^ ^^"> ^"^ ^i» ^2» %' ^^• 

Then total B.M. at p = Mp = \N^y^ + ^N^y^ + Wg.^g + . . . 

= SWjF 

Total shear at p = Sp = W^ ^f^ + Wg Sg + Wg 23 + . . . 

= SW^ 

To get, therefore, the total bending moment or shear at the 
point from its influence lines due to a number of loads, we 
multiply each load by the ordinate of the influence line at the 
point where it acts and add together the results, due allowance 
being made for signs, \ 

Uniformly distributed Loads. — Let a portion v x of 
the beam carry a uniformly distributed load of/ per unit length. 

Then considering a short length d x, the B M. at p due to this 
length of load will ht pdx,y^=- p x area of corresponding strip 
of the influence line. 

.-. Total B.M. at p due to uniform load 

= / X area h j k l 

Similarly it follows that 

Total shear at p due to uniform load 

= / X area n t v u. 

To get, therefore, the total B.M. or shear at any point for a 
load uniformly distributed along the length of the beam, 7ve 
multiply the load per unit length by the area of the B.M. or 
shear influence line under the portion covered.^ 
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As an illustration of this rule take the case of a simply 
supported beam, and consider the central point cf the span. 

Fig. 2 shows the influence lines for this case. Suppose that 
we want to find the bending moment and shear at this point 
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Influence Lines fen'' Centre of Beam, 



when the whole span is covered with a uniformly distributed load 
of intensity/. 

The ordinate p, d = - because a = b = - 

4 2 

a b - X - / 
/ __ 4 

B. M. at p when whole span is covered 

= Mp = / X area of A a^ d b^ 
= / X J Ai Bi . Pi D 
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= / X - . - 
2 4 

8 

This is the well-known result. 
Shear at p when whole span is covered 

= Sp = area of A a., e p., - area of A b., f p., = o 

Next take the case where the load extends from the end 
A to the centre. 

Then Mp == / x area of A a^ p^ d 

= / . - . Aj Pj . Pj D 

^ ^ ^ 
4 4 

i6 
This agrees with the result obtained in the usual manner. 

Sp = area of A a., p., e 

I 

2 - - 

— — ^ - 

2 2 

4 
This again checks with the ordinary method. 

Maximum Bending Moment and Shear with long 
Rolling Loads. — Now take the case of a simply supported beam 
with a uniformly distributed load of length greater than the span. 

Bending Moment. — It is clear from Fig. i that as the 
bending moment at the point p for the uniform load v x is given 
by ^ X area h j k l, the bending moment will increase until 
H J becomes equal to a^Bi; this is true from all positions of p 
so that we see that the inaximum bending moment at any point is 
obtained tahefi the whole span is covered. 

This maximum bending moment 

= / X area of A a^ d Bj 
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lab ^ ah 

= / X - • - r = / . — 
2 / 2 

=^ pa {I - a) 
2 
This is a parabolic relation ; the parabola being of course 

the familiar one of height = ^— 

Shear. — Next consider the shear at the point p as the load 
comes on from one side, say b. When the front of the load reaches 
the point v the shear iit p is given by the area - u n Bg ; this 
area increases numerically until the point p is reached and then 
diminishes as the load passes farther on to the span owing to the 
area on the left-hand side of Pg being positive. The maximum 
positive shear at p will clearly be equal to the area a^ e Pg and 
occurs when the back of the load passes the point p. We thus 
get the well-known rule that with a uniformly distributed load 
longer than the span, the shear reaches a maximum when the front 
of the load reaches any given point and reaches another maximum 
of opposite sign when the end of the load leaves the point. 

Maximum Bending Moment and Shear with short 
UNIFORMLY DISTRIBUTED ROLLING LoAD. — Bending Moment. — 
If the uniformly distributed rolling load be of length /', Fig. 3, 
less than the span, then to find the maximum bending moment 
that occurs at the point p, we have to find the position of h j to 
make the area h l d k j a maximum ; the position will clearly be 
somewhat as shown in the figure, because if we make p^j' = h j, 
which would correspond to the part of the load being at the 
point p (this obviously giving the maximum bending moment for 
the load anywhere on ihe right of p), it is clear that the area 
J K k' j' will come less than the area h l d p^. 

Now area h ld k j 



A = area h l d p^ 4- area p^ d k j 

/LH + DPt\ , /DPt+KJ 
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_ / (g- jc)tana + fltana \ / ib tan ^ -\- {b - x) tan /3\ 

/ ^ tan a \ . / ^ . :r2 tan /3 ) 
= jc(d:tana- - I + ^^ | ^ tan /3 "!-... (i) 

Now h ^ a tan a = ^ tan /3 

.'. above expression ^ x[h - —j-H a;'-!^ - —r \ 

I 2a 2b J 



dA 

This will be a maximum when-> = o 

ax 



2X 2 (/' - x) ( - x) 
t.e. ^ V ^ = o 



4.e. 



or 



t.e. 
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The maximum bending moment at any point occurs therefore 
when the point divides the load in the same ratio as it divides the 
span. Putting these results into equation (2) therefore we get : 

Max. B.M. at p 






= pA^l - --^, -«2;,V2| 



r 



/^^'{i-,-7i(« + ^)} 
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injluence Lines for uniformly distrihided Loading 



Ifthe total load is W(//') 
This comes Max. B. M. 
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W / / /' 

Then Max. B. M. = ( i - , 

_ \\v _ w/; 

4 "8" 

This agrees with the result obtained by the ordinary method. 
[A, p. 185.] 

Shear — Turning to the shear influence line, it will be clear 
that as the load travels on from the end b, the negative shear at 
p increases until the front of the load reaches p ; the shear is. 
then equal to 

Sp = - / X area f p^ t v 
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-P.l'{' 


gF + TV| 
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2 1/ + 


b - I 
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- W f 2b 

2 \ 1. 
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=r 
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I / / 



I because 

The maximum positive shear will clearly occur when the end 
of the load leaves p and will be equal to / x area A a^ p.2 e if, as- 
in the case shown in the figure i' > a. 

Loads applied at definite Points. — In many plate 
girder bridges the loads are transferred by the floor system of 
stringers and cross-girders at definite load points. We shall now 
prove that the influence line between such load points will always 
be straight. 

Take the case of a load W, Fig. 4, applied at a point Q and 
transmitted at points c, d, the ordinates of an influence line of 

which are jc ^.nd Jd. 

Wjc 
Then load transmitted at d =? -, and load transmitted 

atc=w(i-^) 
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. shear or B.M. at p = 



\\ X 



•>'d + 



"•(■-f)- 



y^ 



= ^v I (j^D - j'c)^ + jc I 



This is clearly a linear relation, so that the influence line 
between c and d will be a straight line. 

We can therefore always determine the influence line for a 




Fig. 4. 

structure loaded at definite points by calculating the ordinate at 
each of the load points and joining up by straight lines, t 

Irregular Load Systems. — The above cases enable us to 
deal with the design of niany bridges, because the loads are very 
often given as equivalent uniform loads. In many cases, how- 
ever, the loads are specified as wheel loads at certain distances 
apart, so that it is necessary to find the maximum B.M. and shear 
for this irregular load system. This can be done by trial by 
advancing the load gradually on to the bridge and finding the 
B.M. curve for each position ; but this is a tedious process, and 
the work is greatly facilitated by the following consideration of 
influence lines ; — 

Position of Loads to produce Maximum B.M. at a given 
Point. — Let the loads be such that the resultant load on the 
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right of the given point p, acting through the centre of gravity is 

W, (Fig. 5), and the resultant on the left is Wg. 
Then total B.M. at p = Mp = W^^^ + Wg jg- 
This will be clearly seen by considering one set of the loads* 

say VV2, separately. Due to this load, Mp = Rb . ^, and Rb is 

clearly the same for Wg as for the separate loads. 

To find the position of the load to give the maximum B.M. at 




F\g» 5. — Mdxlniuni B.M, for Isolated Load System, 

V we will move the loads a short distance dx and see how this 
affects the B.M. 

y.y becomes J2 + ^^ • tan a 

Vi becomes Ji - dx tan ft 

. • . new value of Mp = W^(y-^- dx tan ft) + Wg (^2 + ^x tan a) 
.'. increase of B.M. = ^ Mp = W^ tan a dx - W^ tan ft dx 

^Mp 
••• -^ = W2 tan a - Wj tan ft 

.'. Mp is a maximum when W^ tan a - W^ tan ft changes sign.* 

* We cannot in this case take for the determination of our maximum the 

. . fl^Mp d Mp 

condition that , „ =0 because for an isolated load system — ^ — will have 

sudden steps and there will probably be no value which conies exactly zero. 
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WoP, D W2.P, D * 
.•.—2 1 _ 2 1 must change Sign. 

a b 

/.^., — ? _ —J must change sign. 
a b 

The values of Wg and Wj can change only when a load passes 
A, p or B. 

If a load passes a in the direction of movement that we are 

considering, Wg is increased, and if a load passes b, W^ is 

W W 
decreased, and neither of these changes can make — ^ — —y 

change sign ; but if a load passes p, Wj increases and Wg de- 

W W 

creases, so that — ^ — - ,^ can change sign only by a load passing p, 

therefore to get a maximum B.M. a load should be placed at p, so 

(W W \ 
— ~~~h) 

will be positive^ but if considered as part of Wj, the expression 

(W \V \ 
— ^ ~ ^ ) '^'lll ^^ negative. 

With continuous loading the above result gives a simple 
rule : — 

Then W, \\\ 

a 



t.e. 



I.e. 



I.e. 



W2 ^ a 
Wi b 

Wg _ a _ a 



Wi + W2 a ^- b I 
W2 _ total load 



a I 

or in words : — The average load per unit length on one side of the 
point must equal the average load on the whole span. 
This agrees with the result obtained on p. 8. 

Numerical Example. — Take for examplelthe load sy stein given 
in Fig, 6, and find the maximum B.M, at the centre of a 40 y/. spati. 
In this case ^ = ^ = 20 ft. 

Now as a trial place the second load at the centre and apply the 
test given above. 
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If the load is considered part of W, 

W.^ Wi _ 80 _ lo 



a 



20 20 



- = 3"5 



If part of \Vi, 



W2 _ Wi ^ 60 _ 30 
b 20 20 



r? 



ZO 



^ 



ZO 



20 



^- = 1-5 



so 



10 



-6- 



6- 



CdCKK^^s 



-teS' 



Fig, 6. 



This does not change sign, so that this position wil! not give a 
maximum. 

Next put the third load at P. 
Taking this load as part of W.j, 

W., _ W, ^ 60 _ 30 

b 20 



a 



20 



= J'5 



As part of Wj, 



W., 



a 



b 



40 _ 50 ^ _ .5 
20 20 



This changes sign so that this gives the position required. 

^ ,, . . . ^ 10 X 5 + 20 (14 + 20 + 26 + 32^ 

For this position Ra = 

40 

= r25 + 46 = 47*25 tons. 
.-. Mp = 47*25 X 20 - 20 (6 + 12) 

= 20(47*25 - 18) ^ 585 ft.-tons. 

Position of Loads for Maximum Shear at any Point. 

— Let the beam be loaded with a series of loads, Fig. 7. It will be 
clear from the influence line that loads on the right cause negative 
shear, while loads on the left cause positive shear. If the whole 
series be moved to the right, the positive shears will be increased 
numerically until one of the loads passes the point p; a maximum 
shear occurs at each point, therefore, whenever a load reaches the 
point, but it is the maximum of these maxima that we require to 



Irresrular Load Systems, 



IS 



find. It is clear that this maximum will occur when there are few 
or no loads beyond p, because the loads beyond p cause negative 
shear. 

Let two consecutive loads n\ and w., be at distance c apart, 
and let them in turn be brought just up to the point p. 

Let Wj be the resultant load of the loads beyond p and 
including iv^^ and let W.^ be the resultant load before p. 



W, 



OOP 



A^ 



Wi 



<-c- 



O (S % n o 



— cc 



-_K- _- 



VITTT 




Fig, 7. 
Maxiinuvi Shear for Isolated Load System. 

Directly the load zv^ passes p, the shear is suddenly diminished 
by an amount 7£/j, the shear then becoming Sp = W., s., - Wj Zy 

As the load za.^ approaches p the shear increases until when 
it is just in front of p the shear becomes S^p = W.^ z.,^ - VV^ s^i. 

The increase = W^, (2:.,! - z.,) - W^ (0^ - z^^) 

= W,,, c tan 6 - W\ ( - ^ tan 6) 
= (VV,, + Wj) ^ tan 6 
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where W = total load on the span. 

.-. Net increase in shear due to the movement = — ^ - Wy 

Jfj therefore, this expression comes positive, the shear in t/ie 
second position will be greater than that in the first. 

If all the loads should be equal and equally spaced) then 

-— will always be less than ze/^, so that the maximum shear occurs 

when the first load reaches the point. 

If, however, the first load is small or the first space c is large, 
then it may easily happen that the second or even the third load 
should be placed at the point to give the maximum shear. 

It should be noted that if any load moves off the span in the, 
movement indicated above, such load should not be included in 
the value of W, but any additional load that comes on may be 
included; if, however, the inclusion of this additional load 
changes the sign of the above expression, the actual shears for the 
two positions should be calculated. 

Numerical Example of Shears.— ^rt/^^ as before the loading 

and span indicated in Fig. 8, and find the maximum shear at the 

right-hand end B and at lo feet from A. 

Let the first load be placed at B, and then let the second load be 

placed at B. 

Wr^9o X 9^2j 

/ 40 

Wi = 10 

.*. —. Wi is positive. 

.*. Shear is greater with load 2 at B than with load i at B. 
Now bring the next load up to B. 

\Yc 80 X 6 



40 
Wy = 20 



= 12 



•*• —. Wj is negative. 

Shear is greater with load 2 at B than with load 3 at B. 
Maximum shear at B occurs when load 2 is at B. 
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Then shear 

= R^ = 20 (Il±j8i34) ^ 20 = 62 tons. 

40 

Now take a point c at 10 feet from A. Let the first load be placed 
at this point. Then neglecting the load that conies on 



Wf ^ 30 X 9 ^ ^. 



40 



«/i = 10 



75 



.*. —. Wj s negative. 



-.6' 




20 zo ao 20 



QlL^\ 



^90 




*6 



-w 



Fig, 8. 



Including the load we get 

/ 40 



40 
«/) = 10 

.*. —. Wi is positive. 

In this case, therefore, the inclusion of the additional load changes 
the sign of the expression so that we must find thlfe shears. 

With 1st load at point c 

_, 20 X I + 10 X 10 

Rj3 = = 3 tons. 

40 

.*. Shear at c = Rb = 3 tons. 

With 2nd load at point c 

„ 20 X 4 -H 20 X 10 + 10 X 19 

Rb = — = 1 175 tons. 

40 

Shear at c = Rb - 9 = 275 tons. 
.'. Maximum shear at c occurs when load i is at c. 



f8 



The Theory and Design of Structures. 



Procedure to facilitate Calculations. — The following 
method was suggested by Mr. F. C. Lea, D.Sc., A.M.LC.E., in a 
paper in Vol. CLXI. of the Proc. Inst. C.E. This paper was, we 
(jeiieve, the first British publication on the subject of influence 
lines* and has been consulted in writing the present volume. 

Choose first a convenient bending moment scale, say i" = 5o 
fo^rt'tons. We have seen that the ordinate of the B.M. influence 
line at the point under consideration is given by 

ad 
PD = . 



t.e, p 



ail - a) al - a* 




Fly. 9. 



It is clear from this that the locus of the point d is a parabola, 
the maximum ordinate of which occurs for « = - and is equal 

2 

to , t.e, ~ 

^ 4 

l*V)r any span a «, Fig. 9, draw this parabola of height - to a 

4 

scale say 12 inches = 50 feet. Now on squared paper take a 
length c, Ej, Fig. 10, 12 inches long, set up the loads w^, Wg, &c., 
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to a scale of, say, i inch to i ton each starting from e, and draw 
radiating lines from c to the points marked on e^ f, marking 




Fig. 10. 



these lines Wj, Wg, &c., as shown. Now on tracing paper draw the 
influence line a d b for any point p along the span, this line being 
obtained from the parabola of Fig. 9 \ on the tracing paper draw 
the positions of the loads to give the maximum bending moment 
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— this position having been found beforehand by the method 
previously explained. 

Slide the tracing paper along until w^ is at c^ ; the influence 
line cuts c^ e^ in h ; then the ordinate j h measured on the scale 
i" = 50 foot-tons will be the bending moment in foot-tons due to 
the load Wj. The tracing paper is now moved until Wg is at c^ 
and the bending moment is then read off up to the line Wg and 
so on, the total bending moment being obtained by adding 
together the various parts. 

Proof, 



J 


H 




G 


El 




Wi 


Ci 


H 




C 


El 




C Ej 








W 


1 ^ 


Ci 


H 


J 


H 


""■ 




Ci 


El 





Now bending moment at p due to w^ 

= iMp = Wj X Cj H 
= J H X Ci Ej 

If, therefore, €^£1 = 1 foot, and the parabola is drawn to a scale 
12" = 50 feet, J H measured to the scale \" = 50 foot-tons will 
give the bending moment due to the load Wj. 

Use of Centre of Gravity of Locomotives^ &^c. — In using the 
influence line method, where the load consists of several loco- 
motives, it will often be found useful to mark on the load 
strip the centre of gravity of each set of loads. If, then, the 
whole of an engine is under the line of the influence diagram, it 
will be necessary only to scale off" the ordinate under the centre 
of gravity to get the bending moment for the whole engine. 



CHAPTER II. 

INFLUENCE LINES FOR SIMPLY SUPPORTED FRAMES 

OR TRUSSES. 

The influence line method of dealing with rolling loads is 
particularly applicable to frames or trusses because the stresses in 
such trusses can be found by a consideration of shears or 
moments. 

In nearly all well-designed framed structures the loads are 
applied at the nodes or joints only so that we have here the case 
where loads are applied at definite points. 

Parallel Flange Trusses. — W^arren Girder. — Now 
take the particular case of the Warren girder (Fig. 1 1). 

B.M. Influence Line. — As will be readily understood, if we 
want the stress in c d we take moments about p, and so we 
require the B.M. influence line for the point p. 

Take the unit load at any point q^ between d and b. Then 

Mp = Kl , a = — -— . a = —— 

I I 

This is a linear relation as before, therefore between d and b 
the B.M. influence line is b^e, where 

_ _a.Vt^_a(b-\-c-d)_aba{c-d) 
DjE -y^- - - ^ - - - - — + - 

Similarly between a and c the B.M. influence line is Aj f 

where 

b . (a - c\ a b be 

c,F=,, = — 5-^ =--T 

From what we have proved on p. ii it follows that the B.M. 
influence line is straight between c and d, so that the influence 
line is completed by joining e f. 

Now the portions Bj e and a^ f of the influence line are, from 
the above reasoning, the same as the corresponding portions of 
the influence line for a point p on a simply supported beam of 
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span A B. It follows, therefore, that if these lines ai:e produced, 
they will intersect at h vertically below p, and the ordinate at h 



will equal 



a b 



This gives us the following $imple method of 



drawing the B.M. influence line for p : — 

Set up Pj H = -y and join h Aj, h b^ intersecting c Cj and 




W 



" ^ Fig. 11. 

Influence Lines for Wai*ren Girder. 



D Dj in F and e, and join f e or draw Aj f and Bj e by the 
construction explained with reference to Fig. i. 

Then a^ f e b^ = B.M. influence line. 

In finding the stresses in the upper flanges we shall have to 
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take moments about points such as c and d, and for these the 
influence lines will be the same as for simply supported beams. 

Shear Influence Line.— To get the stresses in the diagonals 
c p, p D, we require, it will be remembered, to find the shear in 
the panel c d. If a load be placed between b and d, the shear in 
this panel == - Ra- 

The shear influence line between b and d will therefore be 
a straight line Bg k obtained as before explained, and by similar 
reasoning it follows that between a and c will be the straight line 
Ag J ; then since the influence line between the load points must 
be a straight line, the influence line is completed by joining j k. 

Single Load and uniformly distributed Load. — Position 
of Load for Maximum B,M. — It is clear from the B.M. influence 
line that with a single load the value of Mp is a maximum when 
the load reaches d, and that with a uniformly distributed load of 
length not less than the span, the maximum value of Mp occurs 
when the whole span is covered, since Mp in this case varies 
as the area of the corresponding portion of the influence line 
diagram. 

Position of Loads for Maximum Shear. — To get a maximum 
positive shear with a single load it is clear that the load must be 
placed at c, while for a maximum negative shear it must be placed 
at D. 

If the load is uniformly distributed, and of length not less 
than L Bg, the maximum shear will be equal to the area l k Bg, and 
will occur when the front of the load reaches l. Now 

L D.2 _ S^ _ B^ Do 

LD.. B., D., 

L C.2 + L D2 A2 C, + B2 D2 

^ md _ md 

Ag B2 - C2 Do {n - i)d 

L Do _ m 
d ~ n - \ 

L Do = I ) d 

\n - ij 
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Therefore: The maximum shear in the (m + if^ panel of a 
girder of n panels occurs for continuous loading when ( j 

of the panel is covered* 

Irregular Load System. — In the case of an irregular load 
system we proceed to find the test for maximum stresses in a 
manner similar to that employed for simply supported beams. 

Maximum Bending Moment. — When moments are taken 
about the lower flange nodes such as c, d, the condition for 
maximum moment will be the same as was proved on p. 13 for 
simply supported beams. 

For moments about points such as p, Fig. 11, we proceed as 
follows : — 

Let Wj be the resultant load upon the portion b^ d^, Fig. 1 2 : 
W2 that upon the portion Cj d^ and Wg that upon c^ Aj. 

Give the whole load system a short movement d x \.o the 
right. 

Then change in bending moment at p 

= ^ Mp = W3 tan a dx + Wg tan y dx - \\\ tan (i dx ...(i) 

The bending moment at p will be a maximum when 

d X 

changes sign, /.^., when W3 tan a + W^ tan y - Wj tan ft 
changes sign. 

— b 
Now tan a = ^ = J_ = - (2) 





A] Pi 


a 


I 


tan /3 


_ HPl _ 
AlPl 


ah 
b 


a 
~ 7 



(3) 



E D, - F c, m d tan ft - (a-c) tan a 
tan y = - 1 ^ =- r- \ / 



Cj Dj d 



_ md a - (a - c) b _ a(b + c - d) - {a - c) b 



d I d I 

_ ac - ad -h b c _ c {a + b) - ad 
dl dl 

c I - a d 

= dl (4) 

* Cf. A, p. 325. 
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Wo tan a + W^ tan y - W^ tan /3 

I ^ dl ' I 

Adding and subtracting ^ — ^ — - — l^— this becomes 

_ (W3 + W., + \\\)d Ul-ad ^1 w (a , b\ 

r ^ "n~J7-" 7/ " ^1 \i + 1) 




6= i^d 



Fig. 12. — Irregular Load System on Framed Girder, 

/ " { dl J \ I ) 

■(where W = total load on the span) 

J - Wj, because (a + ^) = / 



= 7 ^ w. ('. ; - 



^ \v /> _ r 



W. 



'd - c 



) ^ ^'0 



(5) 



'd - c 



If this expression is to become negative, W^ . , 
must increase, and this can happen only when a load passes 



) + Wi 



c or D. 



1 
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As a rule r = - so that expression (5) then reduces to 



W b 



-{ 



2 ^J 



The test for a maximum moment at p is therefore as 
follows : Place the load on the span so that the span is fully 
covered and with one load at d. First consider this load as part 
of Wj and then as part of W^,; if this causes the expression 

7 ~ 1 ^'1 ( V ) + ^^ 1 r *^ change sign, the position is 

the maximum required. If not, move the load on until another 
load comes at c or d. 

Numerical Example. — Take the case of a Warren Girder of 
i^oft, span and 10 equat bays^ and find the position of the load for a 
maximum moment at the centre of the fourth bay for the load system 
shown in Fi^. 13. 

(This example is worked somewhat differently in Mr. Lea's paper^ 
previously referred to.) 

Try io'5i tons at D, then there is 1 1*5 tons practically at C. 

W = 199*81 tons 



Wg = 2201 „ taking 10*51 as part of Wj 
Wi = 130*55 „ 
W^ 199*81 X 97*5 



W. 



150 



129*9 



+ Wj = 141*55 



.*. -y - ^ — ^ -f Wj = 129*9 - MI'S = - iro tons. 



,•- lT *^ 
lO lo ,0 




Fig, 13. 



Now take the 10*51 as part of Wg. 

Wj = 120*04 tons. 



Wo = 21*02 



>7 
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■*• ~ / ~ I — "*" H ^ ^^9'^ ~ '^°*5 = - -6 tons. 
This does not change sign, so that the assumed position of the load 
does not give the maximum bending moment. 
Therefore try the 9*6375 tons at D. 

W = I99'8i tons as before 
.'. —7- = 129*9 

Treating the 9'6375 tons as part of Wi, 

we have W j = 1 20*04 tons 
Wg = 21*02 „ 

+ W = 130*55 



W2 



.*. —r- — \ — ^ -f- Wj y = - 6 tons, as in the previous case. 
Now treat the 9*6375 tons as part of Wg ; then we have 



W| = iio*4otons approx. 

W2 = 20*15 » 

.-. .__? _^ w = 120-47 tons 
2 ^ 

.*. —J- _ J — - + w, - = 129*9 ~ i2o*5 = 9*4 tons approx. 

This changes sign, so that 9*6375 tons at D gives the maximum 
bending moment at P. 

Maximum Shear. — Let W^ be the load on bd, Wg that on 
D c and Wg that on c a. Then shear in the panel or bay c d 

= ^3 ^3 ~ ^^^^2 ^2 ~ ^^1 H (^*g ^4)* ^^^^ ^^ whole load system 
move forward a short distance d x. The change in shear is 
equal to 

^S = Wg^jr tan ^ - Vs\ dx tan ^ + \\\d x tan 0... (6) 

.-. — = (Wg + Wi)tan - W^tanip (7) 

,. I K Do + J C, 

Now tan 6> = 7 ; tan ^ = 77— — ^ 

_ (b., Do + AgCo) tan ft ^ ^^23_1_52P2J 
" Co Do Co Do . / 

_l -_d " " 
~ 'Id' 
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dx I - \ la ) 



= W3 + w, _ w^ w, 

/ d I 

/" " d" 
_ W _ W2 





00 OOP 



(8) 




Fig, 14. 
Mcurimnni Shear for Isolated IxHid System, 

A maximum shear occurs when -7— changes sign, i.e., when 

W W, W ^^^ ^ . ^^ 

-r ^- or — - W^ changes sign. 

In the limit when the loads are very close this means that 

WW W 

-r^ = , or that Wo = — i.e., the fnaximum shear in any bay 
a I ^ n 

occurs when the load on that bay is equal to the total load ditided 
by the number of bays."^ As a general rule it may be taken the 

* This is equivalent to the rule proved on p. 24. The student should 
prove this as an exercise. 
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maximum shear in c d occurs when the first heavy load passes 
the point c. 

Numerical Example.— 7;i>«r^ the loading shown in Fig. 13 on a 
Warren Girder o/iso/t. span and 10 equal bays atidfind the position 
of the load for a maximum shear in the ^th bay. 

Place the first load at the point D, Fig. 1 5. 

W iio*i6 

— = = iron 



n 
W 



10 



•916 



w 

As the 6*125 passes D, — - Wg does not change sign. 

TV 

Now put the second load at D. 



W 136-66 
// 10 ^ 



3-666 




Fig, 15. 

W2 changes from 6125 to 12*5 as the load passes D, so this does 
not give the maximum shear because neither of these values is greater 
than 13*666. 

Now place the first 17*5 ton load at D. 

Then W 148*16 ^ , 

— = -^ - = 14*816 
« 10 ^ 

Wg changes from 12*5 to 23*625 as the 17*5 tons passes D. 

. W 



n 



- Wg changes sign. 



.'. The maximum shear occurs in the bay when the first heavy load 
of 17*5 tons is at D. 

Framed Girders with Vertical Posts. — For girders 
with vertical posts such as the |g girder or the Pratt truss, the 
influence line for bending moment will be the same as for the 
lower flange points of the Warren girder, i.e.^ as for an ordinary 
simply supported beam, and for shear in any bay will be the same 
as for the Warren girder, so that no further investigation of these 
cases appears to be necessary. 
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CURVED FLANGE TRUSSES. 

Next consider the case of a truss with a curved flange or 
boom, such as is shown in Fig. i6l Considering the bars cut by 
a line x x, if Mc, My and Mq are the moments of the forces to 
one side of the line about the points c, f and g respectively, 
then, as is well known, 

Stress in c D = 



M3, 
h 

Stress in E F = 



Mc 



Stress in F c = — - 

We require therefore B.M. influence lines for c d, e f, and fc. 

That for e f will clearly be of the same form as that for an 
ordinary beam (Fig. i). 

That for cb will clearly be of the same form as that for a 
Warren girder (Fig. 11). 

Now consider the influence line for f c. Take a unit load at 

I X JC 

Q between d and b. Force on left of x x = R^ = . — 

.-. Mq = T- (minus because moment is anti-clockwise). 

This is a linear relation, so that influence line between b and d 



is a straight line b^ j, the ordinate d^ j being equal to - . . 



r 

Next take a unit load at q^ between a and c, and a Qi = u, 

u 



Rb = / 
M(j = Rb X b G 

= u 



This again is a linear relation, so that the influence line 
between a and c is a straight line Aj h, the ordinate Cj h being 

equal to/ (^ i + -jj 
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As we have already proved, the influence line between 
c and D must also be a straight line, so that the line is completed 
by joining h j. It will be noted that if b^ j and h a^ be produced. 



^< 




/. I JC 



-4^- -^-^ 




C. A 3. 

Fig 16. — Influence FAnes for Curved Flange Tinisses. . 



they will meet at k on the vertical through (; because the ordinate 
of Bj J produced 

e (I + e) ' — 7 I 

It 
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and that of h a^ produced 

/ ^ \ e(l ^ €) 

= -<'+/-) = - / - 

This provides us with a simple method of drawing the in- 
fluence line — viz., set down from Aj a length equal to (?, and join 
to Bj and produce to meet vertical through o in k ; join ka, and 
produce to meet vertical through c and join to j. 

The tests of the position of the load for maximum values of 
Mf and Mo will be as previously determined for parallel flange 
trusses and simply supported beams respectively. 

Maximum Stress in C F. — With a single isolated load, 
the maximum moment at g and therefore the maximum stress in 
c F clearly occurs when the load is at c. 

With uniformly distributed loading, the maximum moment at 
G clearly occurs when the front of the loacj reaches the point u. 

Now ?'-^ = -"-il 



Cj Dj Dj J + Cj H 

d ^ e 



7"-/(-f) 



.-. D, U = ^.,, , (l) 

Now let /= nd 

g = md 

.-. f = {n - m - i) d 

emd . d 
' ' ^ emd '\- {n - m - i) d {nd + e) 

(dividing through by e d) 

m , d 

m -\- {n - m - i)(t +— ) 

m . d 

m+n — M— i-\- — 

e 

m . d 



|(« -i) + <" - ^ - ' . ndV 



(2) 
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Comparing this with the result obtained on page 23, we 

see that the result is similar and contains the additional term 

{n - m - \)nd , . , ^^ , 

' in the denommator. If the flanges are 

parallel, then e = infinity and the additional term reduces to 
zero. 

For an isolated load system, a similar treatment to that for 
the previous cases shows that the maximum moment occurs when 
W W, 



2 

d 



I I + - j changes sign. 



D 



CHAPTER III. 

INFLUENCE LINES FOR FIXED AND CONTINUOUS 

BEAMS. 

FIXED OR BUILT-IN BEAMS. 

Suppose that an isolated load W is placed at a point p on 
a beam a b, Fig. 17, whose ends are fixed horizontally, the beam 
being of constant cross section. Then if g is the centroid of the 
A A H B, which is the free bending moment diagram, and the end 
bending moment diagram adeb be divided into two As whose 
centroids lie upon the * thiM lines ' x x and y y, we have to satisfy 
the following conditions : * 

(i) The area a d e b = area a h b. 

(2) The centroid of a d e b lies on the vertical through g, 
.-. taking moments round y y we get 

Area A a h b x 2; = moment of A a d b about y y 

= area A a d b x - 



Now z = - - c T 
6 



3 



Area A a h b = 
Area A a d b 



/ I 
= - - -CP 

6 3 

3 

AB.PH hl»^ab Wab 



2 / 2 



_ -^'^A 



M.^ 



2 

/ / Vfab b 
2 3 

For proof see A, p. 231, 
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i.e. Ma 
Now<^>.±Mb)/ 

2 

. Mb./ 

2 






(I) 



area A a h b = 

2 2 



Wad 



2/ 




i^igr. 17. — Fixed Beam with Isolated Load. 



Wab 



b ( b\ Wab (l - b\ 



M» = 



^B 



Wab a 

~2^ •/ 

Wa'^b 

~~P ... 



(^) 

(This result could have been written direct from (i) from 
conditions of symmetry.) 

Now calculate the bending moment Mc at the centre. 

W^ / _ M4 + Mb 
/ * 2 2 



Mn = 
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2 
2 



\Nab 

2/ 



2l\ I ) 



'^l ■■ (3) 

This holds up to the value b = ; beyond this we must work 

2 

from the other end or use the above equation and take b the 
distance to the nearer end. We get the following results for 
Ma and Mb from the above equations for a unit load. 



a 


b 


« 


Ma 
•o8i/ 






Mb 
•009/ 


_(M._-M.) 


■xl 


•9/ 


1 


•072 


■2 I 


•8/ 




•128/ 




•032/ 


096 


zi 


•7/ 




•147/ 




•063/ 


•084 


■A, I 


. -6/ 




•144/ 




096/ 


•048 


■Si 


•5^ 


1 

le 


•125/ 


1 




•125/ 
Ma 


*ooo 


b 


a 
Lximum vali 


Mb 
of Mb is 


1 

1 


^^Mb-M.j 


The ma 


given by putting ^ ^ = 

/in. 




/ 


.€. 


di 


-a)} 


= 






• 


.e. 


2 al - 


3^2 = 












ir 




i 


I = 


2/ 

1 . 


U) 



Then Mb = ~- for unit load. 

27 

The results of the above table are plotted in Fig. 18; the 

ordinates of this figure at any point gives the end bending 

moments when a unit load is placed at that point, the curws 
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Aj d u, and A, e B, are therefore influence lines for the end bending 
moments and can be drawn once and for all for any given span. 

If therefore we have a number of loads W„ W.,, &c., upon a 
fixed beam we first draw the free bending nioment diagram in the 
ordinary simple manner and read off the ordinates cd, ce iX each 
load, then 

M* = 2 W . (d 

Mb = 2 W Cf 




Tnfim 



Fi{/. IH. 
s for End B.Mh. of Fiavif Beaiiit. 



These end bending moments are then set up to the scale 
to which the free bending moment diagram is drawn and the 
resulting bending moment diagram is obtained as shown shaded 
in the figure. 
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Influenxe Line for Centre Bending Moment.— We 
have seen that by equation (3) 

1^ = ^-^ 



For unit load therefore Mr = 



2/ 



2/ 




Fig. 19. 
Infitience lAne for Centre B.M» of Fioced Beams, 

We see from this that the influence line for the bending 
moment at the centre of a fixed beam is a parabola as shown in 
Fig. 19, whose height at the centre is '125/; it will be found 
convenient to draw this parabola to an enlarged vertical scale. 



1 




K 



Fig, 20. 
Shear Influence Line for Fixed Beams, 



For a number of loads Wj Wg W3 W^, &c., therefore the bending 
moment at the centre = 2 Wj , de. 
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Shear Influence Line. — The shear at any point between 
A and p (Fig. 17) is given by S = - - / • 

We can then by aid of the last column of the table on p. 36 
construct a shear influence line as follows for the beam with 
fixed ends. 

First draw the shear influence line Ag e f B2 (Fig. 20), for the 
simply supported beam ; then draw the curves b., e.^ Cg f^ k and 

Ag Ej c^ ^1 J whose ordinates are equal to " ^ measured 

from the inclined lines Bg k and a^ j. The shear influence line 
for the point Pg on the fixed beam is then Ag e^ f^ ^^ Bg. 

If therefore a load W is placed at the point q, the shear at Pg 
is + W 2; ; if it is placed at q^, then the shear is - W z^, 

CONTINUOUS BEAMS. 

Two Equal Spans. — We will consider in the first place the 
case of a continuous beam abc (Fig. 21) of two equal spans 
and of constant cross sections, the supports being all at the same 
level. 

If a single isolated load W is placed at a point q on the first 
span at distance a — al from the point a, we have by the 
Theorem of Three Moments ^'^ since there is no load on b c 

Ma . / + 2 Mb (/ + /) + Mc / = ^ ^-^ 

_ 6 X moment of A a^ d Bj about a^ 

7 
.*. since M^ and Mq = o 

^ J 6/ Wa(i - a)/ ( , 2 // A 

_ 3/Wa(i - a)(l + a)/2 



^^^Waii^:_aV (,) 

4 

* For general proof see A, p. 251. 
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... R^ = w(i - «) - 



(Mb - MJ 



= W (i - 



, Wa(i - a2) 

a) — '■ 

4 



\\T I \ f . a (l 4- a) 1 
= W (i - a) ^ I - — ^ ' \ 

I 4 J 




(ear UJiagrom 
Fig. 21. — Cantimious Beams. 



= -> M4 - «(i + a)} (2) 



Rr = 



O - 



(Mb - Mc) 



- W a (l - a'') 



(3) 



R, 



= W a + -^^'' -- M°) + ( Mb - M,) 



/ / 



= W„'+^^li— «-) 



= -- (3 - «^) 



(4) 
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4' 



These equations enable us to draw the bending moment and 
shear diagrams shown in Fig. 21; it will be noted that the 
reaction at the end c is negative, thus showing that this end must 
be held down to keep it upon its support. 

The point f of contraflexure is important; suppose that it 
occurs at distance o I from the support b. 

Then f n (from consideration of free B.M. diagram) 

= Wa.fx/ (4«) 



also 



FN 
EBi 



F N = 



Aj N 
A, 5; 



Mb . (I - ^) / _ W a (i - a2) / (I - (t) 



IT / = - - (from (4a)) 

4 

4^ = (i - a-) (I - ,t) 

4^ + 0^(1 - a^) = (c - a-) 
I - a^ 



- a2 



(5) 



The point of inflection is always between the load and the 
centre support. As a varies, o- varies and has a maximum value 
determined by a = o, because a^ will always be positive. 

I 



a max. = 



(6) 



Influence Line for Mb-— The results of equation (i) for 
Mb for unit loads may be tabulated as follows : — 







— 


— — — . 


a 


Mb 


a 


Mh 


I 


•025 / 


•6 


096/ 


•2 


•048/ 


1 


•089/ 


•3 


•068/ 

1 


•8 


•072 / 


•4 


•084 / ; 


•9 


•043^ 


•5 


•094/ 

1 
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The raaxiraum value of Mb is given by 

da (i — a^) 



a 



= o 



I.e. I - 3 a- = o 



or 



(^ 



• - vi - ■"' 



In f licence 'Line for Mq 





Influence- L in ey /or Kc.acTions 



Fig. 22. — Influence Lines for Continu&us Beam 

of fivo Eqiijol Spans. 



Then for unit load 



M„ = 



■577(1 -*)/ 



B 



_ '577/ _ . 



0962 / = 



10.39 
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These results can then be plotted as shown in Fig. 22, and 
give the influence line for the moment at the central support. 

Influence Line for R^ and Rc.— From equations (2) and 
(4) we obtain the following values of R^ and Re for various values 
of a for unit load. 



a 


Ra 


Ro 


a 


Ra 


Re 


•I 


•875 


- '025 


•6 


•304 


- -096 


•2 


•752 


- -048 


7 


•211 


- -088 


•3 


•632 


- -068 


•8 


•128 


- -072 


•4 


•S16 


- -084 


•9 


•057 


- -043 


•5 


•406 


- 094 





















The influence line for these reactions therefore comes as shown 
in Fig. 22. 

Uniformly distributed Load. — Take first the case of one 
span fully covered. It follows from considerations of symmetry 
in this case that Mb = one-half that when both spans are loaded, 



i.e. Mr = 



//2 

16 



, or from the Theorem of Three Moments 



o X / + 2 Mb (/2 + /) +0 X / = 6 J- . 

//3 



//2 / 



8 



- ^ / + o 

2 



Then R. = 



i.e. 4 Mb . / 
or Mb 



4 

16 



Rn = o - 



16/ 

PJl _ 
16/ ~ 



111 
16 

pi 
16 



The bending moments and shear diagrams then come as 
shown in Fig. 23. 
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We have shown that the maximum value of the point of 
contraflexure is - / from the centre support, for points therefore 

less than — from either end, there is no point of contraflexure 

for any position of the load, so that the maximum positive 
bending moment for such points occurs when the span containing 
the point is fully loaded, and the maximum negative bending 

^ rrYryYYYyYYYX jQOQ 




\/////////i/n//////Tn-,-^ , 



*;[pp^ 



-(••,ni\n,i^,„H Beam of two 
Uniforiii Lotid. 



. occurs when the other span is loaded. For points 
therefore from Aj to n, Fig 33, the curves Aj h k and the straight 
line A[ N give the maximum positive and negative bending 
moments, the ordinates being measured from the line Aj j. 

For points between n and u^, the maximum positive bending 
moments occur when N B, only is loaded, and the maximum 
negative bending moments occur when Aj n and b, Cj are loaded. 
The dotted lines k d and n e give the maximum positive and 
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negative moments for these points, ordinates being measured as 
before from the line j d. 

* Influence Lines for two Unequal Spans — Dr. Lea's 
Treatment.— In Vol. CLXXXV. of Proc Inst, a£.,Dr. F. C. 
Lea in a very valuable paper gives the following treatment of 
influence lines for continuous beams : — 

Take the beam shown in Fig. 24. 
At the point p 

Integrating twice. 




Fig, 24. 

' ' ^~ 6 6 ■*■ 6 6 

J = o for X = o 

.*. D = o 

_y = o for :r = /j 

o o 
■■ ^ ~ 6/1 "6 



+ CX + D...{z} 



(3) 



y = o {or X = {/^ + 4) 
•. (multiplying through by 6) 

Ra (A + 4)" - Wi (/j + 4 - «i)=' + i^B V 

-W,(4 + 4-.)3 + ^^(/^.a,y {/, + /,) - ^^^»'^^i + ^2Lo...(4) 
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Taking moments round b we have 

Rc/2 - W2(^-/,) = R^/, - W,(/, - a,) (5) 

Also Ra + Rb + Re = Wi + Wg (6) 

Then solving (4), (5), and (6), and putting r = /^ 4- ag, we get 
after reduction 

-/,(/r^{".'.-fv-^:-^} (7) 

Alternative Treatment for R^. — We could get the same 
result as Dr. Lea deduces as above by the following treatment, 
which follows more upon the lines of our previous working. 

Suppose that in Fig. 2 1 the spans are unequal and equal to 
/j and 4 respectively. 

Then applying the Theorem of Three Moments we shall get in 

a similar manner to that dealt with on p. 39 for a load W^ on the 

first span, 

2 Mb (A 4-/2) = W,a(l - a2)/i2 

. _ W, g (I ^ a2) /,2 

••^«- " 2(/, + 4) 

.-. R, = WJl - a) - ^«-r ^- 

= Wj (i - a) L- - ^ ' -\ smce M;, = o 

Wi f, , , , , a/, a»/,l 

= (h^\)V' ■" ^^ ~ "'^ " "'^^ " T ■*--./ 

(A + 4)1' ' 2 "'^^ 2 / 

Then putting a = -^ we get 
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To deal with the load on the second span, we may find Re for 
a load W2 on the ist span, reverse l^ and /g and put ag for (i - a), 
then the Re thus obtained will be equal to the R^ required. 

Then Re = o - M" _.; Mc ^ - W, (i - „,) . „ (2 - a,) l^- 



A (A + 4)1 2 7 



«2 



We get therefore as our combined result as before 

^^ = M^4) {'' ^'^'^- t''''' - ''^'^ -^ 3^} 

'/riA^^^yr- ^ "^^/j ^^^ 

Graphical Construction for R^. — At the central support 
make b d = /^ /g, Fig. ^5. Join c d and produce it to e to meet 
the support vertical at a. Then the equation to d e in terms of 
the length a^ as a variable is given by 

jf = a ^ = /i (/i + /g - aj) = /^^ + /j 4 - «i /i 
Also in terms of ^2 as a variable the portion c d is given by 
J/ = ^/ = /i 4 - /j eig, because its slope = /j 
Now draw a curve a ^ d given by 



^ = fl^ = ^a^/j + ajA - ^ (8) 

/ s 

Then dc = ac - ab ^ /2 + / /, _ ^ ''i ^1 - « /, - -i- 

.-. Since a e = /^ (/^ + 4) 

AE ^ 

Next draw a curve d ^ c given by 

y = ef= a,l^ - 3 V + £^ 4. /,4 _ /,«, (Q) 
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Then fg- n - *f= h^^i-'^"^ + f^^ 
.-. R. = ^1-/^ for load \V, 

A E 

.-. for a number of loads on each span 

R. =^s|Wi.^^ - W,./^} (lo) 

Or treating bca.% + we and fgzs. — ve 

A E . R. = S W (ordinate between curve and line c e) 




F^. 25.^Inflitence Mnes for Continuiyus Beams of 
tico UnequaZ Spans. 



Value of Rq- — If we join a d and produce to meet the 
support vertical at C in f we shall get by exactly similar reasoning: 



y^^-gk - W^.fih 



i.e. A E . Ro = S W (ordinate between curve and line a f). 
The diagram in Fig. 25 gives us therefore an influence line for 
the reactions. ' 



Influence Lines for two Unequal Spans, 49 

Uniformly distributed Load. — From the general nature of 
influence lines it follows that for a uniform load of intensity / 

Ra = — X area under load. 

AE 

It is clear from the figure that for a uniform load of given 
length, the positive reaction at a is a maximum when the load 
starts at a and that the negative reaction at a is a maximum when 
the area of the piece under d c is a maximum ; in most cases this 
position can be found with sufficient accuracy by trial. 

When the length of the load is greater than either span, the 
maximum positive reaction at a occurs when the span a b is 
covered and the maximum negative reaction occurs when b c is 
covered. 

Scales. — Suppose the space scale is 1" = x feet and ae 
■= y actual inches. 

if X 

Then R^ = ■^— (area in square inches). 

♦Tables to facilitate Drawing of Curves. — We have 
prepared the following tables to facilitate the drawing of the 
curves a ^ d and d ^ c, which we will refer to as the * First span 
curve ' and * Second span curve ' respectively. In these tables the 
first span is always taken as the greater ; when such is not the 
case we have only to work from the other end, />., look upon 
the girder from the opposite side. 

It is interesting to compare the curves for equal spans with 

the figures given on p. 46. 

/ 
Take, for instance, /^ = 4 = / and a^ = - 

The table gives y = -688 r^ = ab 

Now a ^ for flj = - = i '5 /^ because b d = /^ 

This is the value given on p. 43. 



E 



so 
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Table for First Span Curve (Equation 8), 



Values 


•150 








Values of -— 

h h 
= •6/1 = 5 A 

•no *ioo 






k 

= '2/, 

•070 


: k 

, = •!/, 
' 060 




of a^ 


•140 


1 

•130 


u 

= 7/, 

•120 


k ' k 
= '4k 1 = 'SA 


r 


•I A 


i 090 


•080 




•2/. 


•296 


•276 


•256 


•236 


•216 


! 196 


1 "176 


•156 


1 '136 


•n6 




•3 A 


•437 


•407 


-yjl '347 


•317 


, -287 


i -257 "227 


•197 


, -167 




•4 A 


•568 


•528 


•488 


•448 


•408 


•368 


•328 -288 


•248 


•208 




•5/. 


•688 


•638 


•588 


•538 


•488 


, -438 


•388 ^338 


•288 


; -238 




•6 A 


792 


•732 


•672 


•612 


•552 


•492 


*432 


•372 


•312 


•252 




7 A 


•879 


•809 


•739 


•669 


•599 


1 529 


•459 


•389 


•339 


1 -249 




•8/, 


•944 


•864 


•784 -704 


•624 


' -544 

1 


•464 ' -384 


•304 


•224 




•9 A 


•985 


•895 


•805 715 


•625 


■ -525 


' '445 -355 


•265 


•175 




ro/i 


rooo 


•900 


•800 700 


•600 


•500 

1 


•400 300 


•200 


•100 






T 


'able 


FOR Second 


Span Curve 

Values of -y^^ 


. (Equation 9). 


__ 












Values 
of aj 




--= -9/1 


= •8/1 =7/1; 


= ■61, 




k 

= -4^1 


k 
= •3/1 


/o 


k 

= -I /i 




-o 


I 000 


•900 


•800 ; 700 


•600 


•500 


1 1 
■400 1 '300 

1 1 


•200 


•100 




•1/2 


•985 


•879 


•774 -673 

1 


•571 


•471 


•374 ' 278 


'IS3 


•091 




•2/2 


■944 


•836 


•732 ^630 1 


•531 


■435 


•342 -253 

1 , 


•166 


•081 




3/3 


•879 


•775 


•674 


•577 


•484 


.•39 


•308 1 -225 

1 


146 


•071 




•4/2 


•792 


•694 


•602 


•514 


■435 


•348 


•27. 


•196 1 


•127 


•061 




•5/2 


•688 


•601 


•520 


•441 


•367 


•297 


•227 


•168 


•107 


051 




•6/2 


•568 


•496 


•427 


•363 


•301 


•242 


•185 


•135 


•086 


•041 




7/2 


•437 


•380 


•328 


•277 


•325 


•184 


•141 


•102 


•067 


•030 




•8/2 


•296 


•258 


•228 


•191 


•156 


•126 


•097 


069 


•046 


020 




•9/2 


•150 


•130 

1 


•115 097 1 

! 1 


■077 


•064 


•049 035 


•025 


. 010 
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* Shear Influence Line. — Take any point p, Fig. z6, of a 
intinuous beam of two spans, not necessarily equal. 
Shear at P = S[. = R* - S W 



SW.. 



..(I.) 




Shm.f Influence Line for Conllniunis Beam of ttnu Sltani 
we treat a e as unity we may write this as 
Sp = SW*f + 2W/'c - 2W 

= i:W(i<- - i) + SW.(i<- ( 



Draw A K parallel to k c ; then ac = \k = unity. 

.-. So = SW.«i* + vw.if 

.-. A K t; c is the shear influence line, the ordinates being 
measured from the curve. 
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A similar construction, indicated by dotted lines, gives the 
shear influence line for the span b c, c f being used in place of a e. 

Moving Loads. — Since the area under the influence line 
gives the shear for a uniformly distributed load, it will be clear 
from Fig. 26 and the signs of the areas shown thereon, that the 
maximum negative shear at p for such a load occurs when the 
portions a p and b c are fully covered with the load and the 
maximum positive shear when the portion p b only is covered, this 
condition being of course impossible with a load of greater length 
than p B. 

The scales to which these areas are to be read will be 
as explained for the bending moment influence line. 

With an isolated load system the position of the load to give 
maximum shear at any point can be found by trial with the load 
system set out on tracing paper. The maximum of the various 
maxima will usually be found for positive shear to come at a and 
to occur when the heaviest load is at a; the maximum for 
negative shear usually comes at b and occurs when the heaviest 
load is at b. 

* Bending Moment Influence Line. — Lett he point p. 
Fig. 27, be at distance z from the left-hand support a. 

Then bending moment at o, W being applied at a^ from a 

= Mp = Ra 2; - S W (z - a{) 

A 

(14) 



= z ^ 



.A AE A S 

Now draw through p a vertical p g and join a g. 
Then -^' =^_-_«i 

AE Z 

.'. Regarding a e as unity we have 

Mp = 2 iAw.ac - SW.^^l 
Ia a J 

= z jsW.ac + SW.fl^ - SW.^rj 
= z i^\y (ac - be) -H SW.aA 
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= sjsW. 



ab + S W . a f 



53 
(15) 



= s S (W X ordinate between a g, g c and the curve). 

.*. A G c /j a bending moment influence linCy the ordinates being 
measured from the curve. 

In this case, as before, the ordinates are considered positive 
when below the curve and negative when above. 




Fig. 27. 
BM, Influence Line for Continuous Beam of two Spans, ^F 

For a point on the span b c the influence line will be z^ S 
(Wi X ordinate between a g^, g^ c and the curve), the length c f 
being treated as unity in this case. 

Uniformly distributed Load.— Let a uniformly distributed 
load of intensity / cover the portion u v of the span. 

Then, it follows from the properties of influence lines pre- 
viously considered that due to this load we have : 

Mp=/2 X SLxeaiUvqy (i5«) 

Sca/es,— As we have treated a e as unity and a e = /j (/^ + /g) 
the value of Mp may be written 

ivr„ = ^ ^ X area uvqy 

' A (A + k) 
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this area for use in equation (15a) must then be read to a scale 

I sq. in = - 

y 

where r = a e in actual inches 

X = space scale of feet per inch. 

Suppose for instance that /i = 25 feet and 4 = 20 feet and 
the space scale is i" = 4 feet ; then /^ /^ = 500 and suppose this 
is set down to the scale i" = 200 sq. ft. (i.e. b d = 2^^"). If 
the area comes a actual inches, then 

T^ _pzx^ _ ^pz\ 

jVlp _ _ . 

y 5*625 

Maximum Bending Moments. — It will be clear from Fig. 27 
that the maximum positive bending moment at p occurs with a 
uniformly distributed load when the span a b only is covered and 
the maximum negative bending moment occurs when b c only 
is covered by the load. For points such as Pg where a g^ cuts 
the curve, the ordinates are positive only for points between h and 
D ; in this case with a uniformly distributed load the maximum 
positive bending moment occurs when the load extends from b to 
the point above h, and the maximum negative bending moment 
occurs when the remainder of the two spans is covered. 

We will now find the limits within which this reversal occurs ; 
the limits of the point Pg are clearly b pn one side, and the 
intersection of the span of the vertical through the point where 
the tangent to the curve a a d cuts c e on the other ; we will 
assume that p is this point. 

Now the curve a a d is given by (eq. 8, p. 47) 

y = ^- a^i^ -{■ a^ 4 - 



2 A 



• ^^ _ I / 4. / _ < 
a a^ 2 /j 

When flj = o, -^ = slope of curve at a. 



d (i^ 



= ^-h + 4 
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.*. PG = s ( - /i + lA 

Also t^ = »_? = A^. = / 

PC B C /^ 

.-. PG = /j PC = /^ (/i + h - t) 

or 2; = 3/, ^ ^ (16) 

2 

When /j = /., this gives 

5 
This agrees with the result obtained on p. 41. 

Bending Moment at Support b. — The bending moment 
influence lines for b are a d, d c, the ordinates being read to the 
curve. 

In this case z = l^ and z\ = /, 

■ ■ - ATA + 4) W, + Q 

c 

" (A + k ) 

XT J b D X a, 

Now ad = y - - - ^ 

'1 



^ y - ^i k = \~ ^1 A + ^1 4 - -2/-) - «i ^ 



3 







- 2 1 1 


2 A 






.-. When 


A B 


is covered, area 


under 


A B 











a,/, - 


< 
2/, 


jda^ 






= ( "■;■' - 




/i 

(7 








- _ A^ 









8 
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Similarly when b c is covered, area under b c 



- / 3 
8 



.*. when both spans are covered with a load of intensity/ we 
have from equation (i5«) 



M. = 



■B 



/A 



- i< 



+ 



Ph 



I'd 



/i (/i + /a) • 8-^4 (/i + A) ■ 8 

_ - / (A' + 4') 
- 8 (A + 4) 

This is the familiar result obtained by the Theorem of Three 
Moments. 

Bending Moment Diagram for any Load System. — The 
simplest procedure for drawing the bending moment diagram for 




Fig. 28. 

any load system in any given position is to first draw the * free 
bending moment diagrams' a e b, b f c, Fig. 28, in accordance 
with the ordinary simple constructions, and draw also the influence 
curves a // d, d ^ c. 

Multiply each load W by the corresponding ordinate c d 
and add together the results thus obtained and divide by (l^ + 1^ 
to get Mb ; then set up b (i equal to the value of Mb thus obtained, 
and the shaded diagram will give the bending moment diagram 
required. 
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The alteration of the shear diagram due to continuity can be 
obtained readily from the bending moment diagram by correcting 
the shear base line for the change in slope of the B.M. base line. 

* Application to Continuous Framed Girders. — The 

foregoing treatment can be applied to the determination of the 
stresses in continuous framed girders of constant moment of 
inertia. Experiments in Germany upon continuous reinforced 
concrete beams of variable section show that the divergence of 
the actual support moments obtained from those calculated on 
the assumption of a constant moment of inertia are practically 
negligible. We shall indicate in Chapter V., when dealing with 
the deflections of framed structures, how the reactions in con- 
tinuous framed girders can be obtained with greater accuracy. 

Parallel Flange Girders. — Take the girder shown in 
Fig. 29, and suppose that the stresses are required across the 
bay p Q N M. 

To get the stress in the bar p q we take moments about the 
point M. 

Then stress in p q = / 



PQ 



Mm (i) 

d 



Mx (2) 

d 



Similarly stress in m n = /^ = 

The influence lines for f and / are the same as the 

-/ Q ^ M N 

bending moment influence lines for m and n, and are therefore 
given by a u, u c and a r, r c respectively, the ordinates being 
measured to the curve, (a r is omitted in the figure for clear- 
ness.) 

To get the stress in m q we find the shear across the bay and 
resolve it in the direction m q. Suppose that a load W is placed 
on the bay at a distance x from the point n. Then load at 

n = W (i - "^ Y 

Now draw a h parallel to c e and join h r. 
Then shear in bay due to unit load 

= S = R, - — 

M N 



58 The Theory and Design of Structures. 

Now if the unit load were placed at m, we know from previous 
reasoning (p. 51) that the shear due to the load would be h w, re- 
garding A E as unity. 

.'. We mjy write 




Influ' 



'sfor Framed Confmumis Gh-dei- of fii-o SfMinN. 



This would be quite true if e eittended to a line joining m R. 

.■. S^ gives approximately the shear due to unit load at 
distance x from n. a h r c is the shear influence line, ordinates 
being measured from the curve a d c ; it is approximate because 
it is not straight between h and r since the base line is curved. 

Unifiyrmly distributed Load. — Let the vertical through the point 
T, where h r cuts the curve a d c, cut a b in v ; then since the 
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areas a h t and d ^^ c are negative and the area t r d is positive, 
the maximum negative shear occurs in the bay m n when a v and 
B c are covered, and the maximum positive shear occurs when 
V B only is covered. 

Girder with curved Flange. — In this case, if we consider 
the section x x, Fig. 30, to get the stress in the upper flange 



Ok*^=^ 




g^ Fig. 30. 

Influence Line fw Framed Continuous Girder of two Spans. 

member we take moments about n ; the influence line for this 
bar therefore is a r c. 

For the stress in the lower flange member m n we take 
moments about the point q, and for this bar the influence line 
will be A V R c (straight between v and r). 

Now consider the diagonal q n ; to get the stress in this bar 
we take moments about the point o. 

This moment 



Mo = 



Ra • ^ - W {z + a) 



- (2 + «i) 



M N 



6o 
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Now produce c e to meet the vertical through o in g and join 
G A, producing it to meet the vertical through m in the point h. 

Then by similar reasoning to that employed in the corre- 
sponding case of a simply supported beam, it can be shown that 
G H R c is the influence line for Mo-^ind therefore for the stress in 
the diagonal q n. 

Continuous Beams of more than two Spans — Dr. 
Lea shows in his paper that an extension of the same method is 
applicable to more than two spans, although the working is rathe 
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Fig, 31. — Influence Lines for Continuous Beam of three Spans, 

more complicated. We will just give the results for the determin- 
ation of the support moments in the case of three spans. 

Draw the curves aec, bfd, Fig. 31, for the first two and 
second two spans, these curves being the same as for a b, b c and 
B c, c D considered as two spans only. 

Then Mb = G^{^W^ae^ + SW,^^) - f(SW2^/+ SWg/^/i) 

and Mo = Fi'S.W^ae^ + SWgdf^r) - g(SW2^/+ 'S.W^k/i) 



k 



where f = 



g = 



Gi = 



(A + 4) (4 + h) - 


4 


h + 4 




(4 + 4) (4 + 4) - 


4 


4 + 4 




(4 + 4) (4 + 4) - 


' 4 



These quantities f, g, Gi, are constants for any three given spans. 

When Mb and Mc have been found in this way, the B. M. dia- 
gram is drawn from the free B. M. diagram in the same way as 
for two spans. 



CHAPTER IV. 

INFLUENCE LINES FOR ARCHES AND SUSPENSION 

BRIDGES. 

4 

We will now consider the application of the method of 
influence lines to the determination of the stresses in arches and 
suspension bridges. In so doing we shall make use of some of 
the results that we shall obtain in Chapters VII., VIII. ; this is 
done in order to keep all of the matter relating to influence lines 
together, and readers who are not acquainted with such rules are 
recommended to consult first the later chapters. 

THREE-PINNED ARCHES. 

Suppose that an isolated load P acts at a point f on an arch 
^ith hinges at a, g, c, Fig. 32. 

Then the reactions at a and c are made up of vertical com- 
ponents V^, Vc and the horizontal thrust H. 

By taking moments about c we get 

Vc . L = P a L 

i.e. Vc = Pa ([) 

Similarly V^ = P (i - a) (2) 

Again, since the bending moment must be zero at g we get 

Vc . - - H r = o 

2 

VcL PaL 

or H = (3) 

For unit load therefore 

ah 

H = — (4> 

2 r ^^^ 
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When the load comes on the other side of the point c, the 
moment at g 



.V.t-P(.-i),,-H,= . 




-^i 



Fiy. ■A-l.—Infi.vi 
This gives 



lien for fkree-jAnned Arch. 
(. - a) I 
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The influence line, therefore, for the horizontal thrust is a 
triangle a^ m c^ , the centre ordinate being equal to — ^ 

Bending Moment Influence Line. — Now the bending 
moment at a point q between the point f and the end c will be 
equal to j q, i,e, 

Mq = Vc (L - ^•) - H .^ = ? « (L - :r) - ''If (5) 

This is clearly made up of the difference between the bending 
moment on a freely supported beam of the same span and the 
moment due to the horizontal thrust. 

The influence line for bending moment consists, therefore, of 
the difference between the two A s a., n c^ and a^ o c.„ the first 

mentioned being of height and the second one of 

L y , X \ 

height — ., />., putting a = - and respectively in (5). 

Uniformly distributed Loads. — With a uniformly dis- 
tributed load, the maximum positive bending moment will clearly 
occur when the length a^ v is covered by the load and the 
maximum negative bending moment will occur when v c.2 only is 
covered. 

We will now endeavour to calculate the length a^ v = /3 l 



Now 



u v ^ o Go _ j^ ^ L 
a., V A., G., 4 r ' 2 

^ y_ 

2 r 

,. uv =1^^ =lll (6) 

2 r 2 r 

U V X (h - x) 

also = -T- (l - X) 

VC, L ^ 

. u V = ^ ^2 • ^ (L - ^) _ i^ (l r ^y^ (t " -^) 

h(L - X) (Is - X) L 

= (I - l^)x (7) 

2 r 
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.. /3(;. + ^)= .r 



or /3 = 



I + 



2 r X 



(8) 



2 r 



I y L 

Clearly this is usually something less than - because"^ will 

nearly always be greater than x. 

If the intensity of the load is /. 

Bending moment at q when A2 v is loaded, 

= Mq = / X area of A a.^ n u 
Now the height of this A = ^^ ^^ " "^^ - ^ 

//3l 
2 



2 r 



•'• Mq = 



( x (l — x) xy\ 
1 L ~ Tr) 



(9) 



Parabolic Arch, — Now let the curve of the arch be a parabola. 
Then we shall have from the property of the parabola 



r - y V: 


2 / 




" {.)■ 




l2 2 

yt . Li X •J- X 

r L 
4 




4 (l :t - :r2 
l2 




. >' _ 4 ^ (l - ^) 

• • 




Then from (8) above 




Q - "" 








LX L 




^La:4-2a:(L— jc) 3L —,2X 




' from (n\ AT — -^ 


JC (L - x) 2 X^ (L - 
1 L l2 


^)1 


'^' ^ 2 (3 L - 2 ^) 



^^^\2[(3L-2^)(L2-6LJKr + 6A:2) + 2Ar {iJ^-shx-{-2xm = o 
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_ p\? . X {\. — x) { 2 x\ 
2 (3 L - 2 a:) . L \ L J 

p X (t. — x) (l — 2 x) / V 

= - — ^-7 ~ T (10) 

2 (3 L - 2 a;) 

Now this bending moment will be a maximum when 

dM(. . u I 2(3L-2^) I 

,- ^ = o t,e. when — ^» ^-^ == o 

ax ax 

i.e. when 
P 

/.^. when 3 L^ - 18 L^:*: + 24 hx^ - 8^ = o (11) 

A solution of this equation by plotting gives 

X = '225 L approx (12) 

This gives S — 

= 392 (13) 

Putting these values into the value for Mq we get maximum 
bending moment = '0188 /l'-^ 

= ^ '"• ^''^ 

This occurs at a point just before' \ span ('225 l), when the 

load extends from one end to about f span ('392 l). 

This result agrees with the value that can be obtained by a 

different method either for a three-hinged arch or the equivalent 

case of a stiffening girder for a suspension bridge pin-jointed at 

the centre.* 

Shear and Thrust Influence Lines. — Now consider the 
shear and thrust at point q. 

Shear. — If is the inclination with the horizontal of the arch 
at the point q, Fig. 33, then the shear at the point q will be the 
resultant force normal to the arch at that point. 



♦ 



A, p. 368. 



r 
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If the load W is between a and Q, the shear at Q 

= So = Vccostt + H sine (i) 

S G, 




^y-- 



THRUST 
Fig. 33. 
Shear and Thrust Influence Lines for three-pinned Arch. 

If the load is between q and c 
S<j = Vccosfl-Wcoso + Hsinfl = -V.cos(J + H sin 9.. .(2) 
These expressions for unit load will be the same as for a 
simply supported beam with a load equal to cos B with H sin 
added. 
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We get, therefore, the shear influence line as follows : — 

Set up and down respectively lengths Cg e and A2 f each equal 
to cos 6 and join A2 e and Cg f, intersecting the vertical through q 

in J and k ; at the centre set down a length Gg l^ equal to " 

4 ^ 

the ordinates of the A Ag l Cg representing H sin 6, then the 
portion shown shaded is the shear influence line for the arch. 

Thrust — The thrust at q will be the resultant force tangential 
to the arch at the point. 

For the load between a and q, the thrust at q 

= Tq = HcosO - Vcsin6^ (3) 

If the load is between q and c 

Tq = H cos - Vo sin + W sin 

= Hcos6 + V^sin^ (4) 

By similar reasoning to that for the shear, we get the following 
construction for the thrust influence line : — 

Make C3 e^ and A3 f^ equal to sin and join across to meet 
the vertical through q. At the centre set up Gg x equal to 

^ ^^J ^ ; then the portion shown shaded is the thrust influence 

line, from w^hich it is clear that in nearly every case the maximum 
thrust with a uniformly distributed load is obtained when the 
whole span is covered. 

Three-pinned Framed Spandril Arches. — In the case 
of the spandril arch with three hinges, Figs. 34 and 35, we can 
find the stresses in any bay such as d e f b by the method of 
moments. 

Stress in d e. — To obtain the stress in the top horizontal 
member d e we take moments about the point b. 

Then we have : 



_ moment about b of forces to left of x x 

D B 



Stress in D E- = / = 

•^- - B D 

Mb 

B D 
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As B D is a constant, the influence line for the stress in d e 
will be the same as that for the bending moment at b, and will 
thus be given by the difference of the triangles a^ n Cg and 
Ag o Cg as previously explained, + indicating compression stress 
and - indicating tension. 

Stress in B f. — To obtain the stress in b f we must tike 
moments about the point e. 

Then 

o^ -f moment about e of forces to one side of x x 
StressmBF=/ = 

•^ BF u 

= ^" 

u 
Now Me for a load between e and the left-hand end 

= Vo (l - 0) - H >4 
/>. Ma = free bending moment -HA 

If, therefore, we set up Fj k equal to -— ' and join k Aj 

and K Cj we shall get the influence line for the free bending 

T h 

moment ; then set up g^ j equal to — and join j a^ and j Cp thus 

giving the influence line for the quantity H h. The influence line 
for the stress in b f is therefore given by the difference of the two 
triangles Aj k c^ and a j Cp 

If, for example, a load W is placed as shown in Fig. 34, the 

stress in B f will be equal to • 

// 

Stress in Diagonal B E. — To obtain the stress in b E we have to 
take moments about the point y where e d and f b meet when 
produced. 

Then 



Stress in b e 



•^ B 



_ moment about y of forces to one side of x x 

E V 

^ My 

V 



If the load is to the left of e 

M7 - \\,e -Y\h (i) 
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If the load is to the right of d 

My = Va (l - ^) - Wh 



{2) 




Fig. 34. 
Influence Lines for three-pinned Spandril Arch, 
Considering first the first term in each of these two expres- 
sions, if a L is the distance of the unit load froni a, Vc = a and 
Va ^ (i - a). (Seep. 61.) 
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In equation (i), therefore, the first term Vc e will be given by 
a straight line, the ordinate at the end c of which would be equal 
to e (/>., putting a = i). 

Therefore set up C3 r to represent the length e and draw 
A3 R up to the point t where it cuts the vertical through e. 

In equation (2) the first term V^ (l - e) will similarly be given 
by setting up A3 u to represent (l - e) and joining^Cg u up to the 
point V where it cuts the vertical through d because V^ = (i - a) 
and this equals i when a = o and o when a = i. 

By the rule that an influence line is straight between points of 
load, we get by joining v t the complete influence line A3 t v C3 

for the first portion of My. 

L h 
To allow for the term hj^, set up G3 j to represent — and 

join A3 J and Cg j, the complete influence line then coming as 
shown shaded in Fig. 34. 

Stress in Vertical e f. — To obtain the stress in the vertical e f 
we take moments about the same point y and shall get : 

Stress in E F = /^ = — ^ 

In this case however the section line comes to the left of e, so 
that the influence line for e f is given by the dotted line s Vy 
being otherwise the same as for b e except that the signs should 
be reversed. 

If the point v comes outside the span, the distance e is 
regarded as negative in drawing the influence line. 

Numerical Example of three-pinned Spandril Arch.— 
A three-pinned arch of 1^0 ft. span and rise y>ft* is divided into 
ten equal bays and is 6 //. deep at the centre {Fig, 35). The top 
chord is horizontal and the lower chord is paracolic. Find the 
maximum stresses in the members E D, F B, and B E when loads of 
15 tons each may occur at the points a, b, c, and d, &*c. 

To draw the influence lines first set up Gj J at the centre equal to 

L_^ _ 1 50 X 36 ^ 45 ft. and join j to A^ and Ci. 
4r 4 X 30 ^^ •' •' 

1 2' CL — 2*) 30 X 120 - J • 

Now set up Fj K equal to - ~ = -—[7^ — = 24 ft. and jom 

K to Aj and Ci 

Produce F B to meet the top chord at Y ; then V on measurement 



Influence Lines ; three-pinned Arches, 



n 



comes 78 ft. from the right-hand end. Set up Cj R = 78 and Aj u = 
1 50 - 78 = 72 and join across to A^ and Ci as far as the verticals 
through F and B respectively and join T V. 



<SC4£C Of AmcM 
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Fig, 35. — Three-pinned Spandril A'ixh. 
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Then Aj K Ci and A, T V Cj are the influence lines for stresses in 
F B, B E respectively, ordinates being measured from the line Aj j Ci- 

Maximum Stress in F B. — It is clear that the maximum stress 
in F B occurs when the loads extend from a to D, because beyond 
that point the influence line becomes negative ; the sum of the 
ordinates between the lines/ Cj and/ j Cj comes equal to 114*5 and 
the distance u — 15*6. The load at each point is 15 tons 

+ 114*5 X 15 . . 1 

.*. maxmium stress m F B = - . — - = +110 tons nearly. 

15*6 ^ 



y{comp7'€Ssioii) = no ions nearly. 
FB 



7nax. 

J F 

Maximum Stress in B E. — The influence line for B E has two 
positive portions which give a maximum stress when the points h^ E,y^ d^ 
c^ by a are loaded ; the sum of the positive ordinates between the lines 
Aj T V c, and A, j C^ comes equal to + 30*4 ft. and v = 24*5 ft. 

1* .r • 30*4 ^15 o ^ 

.*. Maximum compression stress in BE = - - ^ -* — 18*6 tons 

nearly. 

.•. max. /" (compression)^ — 18*6 tons. 
-/be 

It is not obvious from the figure whether or not this is numerically 
greater than the maximum tensile stress, which occurs clearly when 
the points Hg are loaded. 

The sum of the two ordinates of the influence line = — 31. 

.*. Maximum tensile stress in be = ~ — 19 tons nearly. 

24*5 ^ ^ 

.*. Alax.fj^r. {tension) =19 tons. 
Maximum Stress in D E. — To draw the influence line for D e, set 
up at the centre of a base Ag c^ a length 020 = ~ 

^ 4 ^x 30^ = 3i"5 ft., and join o to A2 and Cg 

XT ^ * , ^, x{\.- x) 45 X 105 . ... 

Next set up BgN = ---,- - = ^~~c, =3^*5 ft- ^"^ J^^" ^ 

to Ag and Cg. 

Then the influence line for D e is the difference between AgNCy 
and Ag O Cg. 

Considering first the tensile stresses, the maximum stress is clearly 
obtained when the points y, d, c, b, a are loaded. 

The sum of the ordinates for the portion^ n o Cg comes equal to 
27 ft. 

.*. Maximum tensile stress in-D e = — — ^ ^ = 37*5 tons. 

io*8 ^ ^ 

.*. Max.fjyy, {tension) — 37*5 tons. 
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To get the maximum compression we add the ordinates of the 
portion A2 N n. This comes the saine as before, viz., 27 ft. 

.'. Max,fxfa, {compression) = 37*5 ions. 
TWO-PINNED ARCHES. 

Binding Moment Influence Line. — We will assume for 
the present that we are able to calculate the horizontal thrust for 
a unit load at any point f. Fig. 36, on the arch ; it is proved on 
p. 129 that for a parabolic arch with a certain variation of cross 

section, the value of H for a load P = ^ — (i-a)(i + a- a^). 

• o r 

By putting in various values lor a and taking P = i and 

plotting the results we can get an influence line a^ g^ c^ for H, 

the centre ordinate (where a = ^) coming ^^. = _95_ 
Now the bending moment M at q 

= Mq = free bending moment - H y\ 
Mq _ free bending moment _ tt 

' ' y y 

It will be much more convenient to draw influence lines for 
— ^ than for Mq, because we shall then have to draw only one 

y ^ 

H curve for various positions of q. 

We therefore set up Kj n = — '-^—-^^i and join n to a^ and 

^y . Mo 

Cj and the shaded curve then gives the influence line for — ^ 

For arches which are not parabolic we must calculate values 
of H for various positions of the load by summation if no formula 
is available. 

Shear and Thrust Influence Lines. — The shear and 
thrust influence lines are very similar to those for the three-pinned 
arch and will be followed without further description from Fig. 36. 
To save drawing a number of curves for H sin 6 and H cos 6, an 
artifice similar to that employed for the B.M. influence line can 
be employed, viz., set out instead of H sin and H cos curves of 
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H in each case, and instead of cos 6 and sin set up cot d and 
tan respectively ; the tnie values of the shear and thrust are 
then found by multiplying the ordinates of the influence lines by 
sin f^ and cos ^ respectively. 

G 




THRUST 
Fi^» 36. — Infltveiice Lines for tico-pinyied Arch, 

Two-pinned Spandril Arches. — The influence lines for 
two-pinned spandril arches are the same as for the three-pinned 
case except that instead of a triangle for the moment of H we 
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have a curve as in the previous example, the values of H being 
calculated as explained on p. 148 ; Fig. 37 shows the in- 
fluence lines for this case and will be followed without further 




Fig, 37. — Infixience Lines for two^nned Spandril Arches, 



J 6 The Theory and Design of Structures. 

description except to note that since the curves Aj j Cj, 
Aj J Cg, and Ag o C2 are for H, to get the stress in de the 

ordinates of the influence line have to be multiplied by-i ; for 

/ .BE 

stress in F B by - : and for stress in d b by - 

^ u . ^ 

Doubly built-in or hingeless Arches. — The calcu- 
lations involved in this form of arch are considerably more 
troublesome than for two-pinned arches. Influence lines can 
however, be drawn and the reader will find some information 
upon the subject in § 163 of Johnson, Bryan, and Turneare's 
Modern Framed Structures^ Vol. II. (Wiley & Sons). 



"STIFFENED SUSPENSION BRIDGES. 

Girders hinged at Centres and Ends. — The bending 
moment influence line for this case is exactly the same as for the 
three-pinned arch. 

Shear Influence Line. — The shearing force at any point 
of a stiffiening girder will be equal to shearing force for a simply 
supported beam diminished by the vertical component of the 
tension in the cable. 

Consider a point q at distance x from one end a^ of the 
stifl'ening girder (Fig. 38). 

The vertical component of the tension in the cable is equal to 
H tan %, where is the inclination of the cable to the horizontal 
at the point Qj, so that if Sq is the shear at q and Jq is that which 
would occur for a simply supported beam we shall have 

Sq = ^Q - H tan « (i) 

Now tan = '- 

GQ 

because by the property of the parabola n g = q q' ^ 

Also from p. 64. 

a^ _ \ X {\. - x) " - . ^ 

~d L^ ^^^ - . 

• T _ ^ = T _ 4 ^ (l- - X) 

. . 1 1 - 

d \J 
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I.e. 



.'. tan 6 = 



2 N G 2 N G 




i^iflr. 38. 
Shear Influence Lines for Stiffened Susfpenaion Bridges, 
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_ 4^(1 - 2/3) 



L 

P>om equation (4) p. 61, for unit load, 

aL 



(*) 



H = 



2d 

= fQ - 2 a (i - 2 /3), which holds up to G. 

The second term is proportional to a, so that the influence 
line for the h term is a A of height ( i - 2 /3) at the centre. 

To draw the complete influence line for shear therefore we 
proceed as follows : — 

First draw the shear influence line Ag e f Cg for a simply 
supported beam {(f. Fig. i) ; at the centre Gj set down a length 
equal to (i - 2/3), then the difference shown shaded gives 
influence line required. 

It may be noted that if /3 < i, Cg f comes above thed,if /3 = - 

4 * 4 

they coincide, and if /3 > -, Cg f comes below it. 

4 

Maximum Shear for Uniform Loading. —-Case I. 

fl < -. — Negative Shear — It is clear from the influence diagram 
4 

that the maximum negative shear for /3 < - is obtained when the 
length Q K is loaded. ^ 

To calculate this maximum negative shear we have to obtain 
an expression for the area of the A f r k^. 

Now this area = A =-RF.Q2U=-RF(y-/3)L 

2 2 

Now Q2 F = I _ ^ 

QgR _ /3l 
and (i - 2 /3) ~ "if 



2 



* %c% 



Q2R = 2/3(i - 2/3) (2a) 

.-. RF = (l - /3) - 2/3 (l - 2(i) 
= 1-3/3 + 4/32 
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•. We have max. S Q = -/l (y - /3) 



3/3 + 4/3-} -. (3) 



We now have to determine y in terms of /3. 

5^ UK 

We have ;. = ; ^-^^ 

2 (1-2/3) 



Again 



/. UKi = 2y(l - 2/3) (4) 

u Kj ^ C, u _ I - y 

QoF C.,Q., I - /3 
••• t-K, = (l-l-^<^.^- = (x-y) (5) 

,*. Combining (4) and (5) i - y = 2 y (i - 2 /3) 

^^^^3-^4^ ^'> 

.-. y-/3 = - ^-, -/5= ^-T 3/3 J- 4/3^ 

3 - 4/3 ' (3 - 4/3; 

Putting this result into equation (3) above we get 

Max. negative - Sq =/Ii( ^ - 3/3^+ 4 /3^)' (^^ 

The extreme values for /3 in this expression are o and -. 

4 

For /3 = o, Sq = ^ -, this being the maximum positive shear 

at the end ; in this case y = . 

3 

T ^ T . . 

For /3 = -, Sq = ^^, this being the maximum positive shear 

I . "^ . '^ I 

at - span ; in this case y = -. 

4 2 

Positive Shear. — It is clear from Fig. 38 that the maximum 
negative shear occurs when the portions a^ q and k Cj are loaded. 

We shall now prove that the sum of the areas of the As below 
K Cj and A^ Q X / which is equal to the maximum positive shear is 
numerically equal to the maximum negative shear. 

Now area, of d below k c^ 

= 1(1 - 2^3 - i)(L-r..) 
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Area of A below a^ q = - Ag Qg . e r 
= i /3 L (e Q2 + Q2 r) 

= - ^h \(i + 2(1 - 2) /U, by equation (2a) 
2 I J 

= ^/3^l|3 -4/3} (9) 

.*. / X sum of areas of As Kj j Cgand AjER = maximum + Sq 

= iTr=^)^'-^''^^'''^^^ ^'°^ 

This is the same numerically as the previous result (7). 

Case II. /3 > -. — The shear influence line for this case is 

4 
as shown in Fig. 39. 

Negative Shear, — The maximum negative shear clearly occurs 

when the load extends from Cj to q. 

The negative shear area = shaded trapezium + triangle. 

Now area of trapezium 

[because r f, Fig. 38, = i - 3 j(3 + 4 /S^ (p. 78) and c^ v =^ 

-5(5-"){i-''-4 
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And area 



of A = ' ^ J' - (i - 2/3) 

2 2 I 2 




Fig. 39. 
Shear Influence Lines for Stiffened Suspension Bridges. 



.'. Negative shear area 



L 
2 



4 \2 

+ /5 - i 

4 



(3 - 4|(3) 



.'. Max. negative Sq 



_ / L /J 



^%3 - 4/3) (ii) 
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rrw • ' u ^/3- (3 - 4/3) 

This IS a maximum when ' , ^ 

df/3 



= o 



II Re, 




Fig. 40. 
Influence Lines for Stiffened Su«p€'n»lon Bj^idges. 

Then max. negative Sq = ^ 

o 

Positive Shear. — The maximum positive shear occurs when 

the load extends from a^ to q. 

Then positive shear area = area of positive A. 



_ /32 L 



(3 - 4/3) from equation (9). 



.*. Max. positive Sq =^ ~(3 - 4/3) (12) 
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This is numerically the same as the negative shear and so we 
get the curve of maximum shears as shown at the bottom of 

Fig. 39- 

Girders hinged at Ends only. — The assumption that is 
usually made in the approximate treatment of this case is that the 
cable retains the form of the parabola and that therefore there is 
a uniform upward pull from the cable on the stiffening girder. 

A more accurate approximate method is to treat the whole 
structure as a redundant frame ; this treatment and also an exact 
method of calculation is very fully treated in Johnson, Bryan & 
Turneare's Modern Framed Structures ^ Vol. II. 

Adopting the usual treatment and taking a load W at the 

W 

point p, Fig. 40, the upward pull q per foot run = — ; the 

resultant upward pull W acting at the centre. 

These upward and downward forces W form a couple or 

nvoment equal to W p Gj = W l (^i - a^ which is equal to the 

moment of the couples formed by the reactions. 

.-. - Rci = + R^i = W (I - a) (i) 

.-. Bending moment at q (treating according to the usual rule 
anticlockwise moments to the right as positive, i.e. as positive 
bending moments those which will cause the bottom flange to be 
in tension) 

= Mq = - Rci . Q Cj + ^ . Q Ci . ?-^^ 

- - L (, - ffl/w (i - .) - '"■';- a} 

^ (l - /3)(/3 - 2a) (2) 

Bending Moment Influence Line, — For unit load between 
QandAj, Mq = "^^(^ ~ ^) {^ " ^")- 



= - W.L 

Wl 



2 

- L 
2 

— L p 
2 
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For a given position of q, Mq varies as a and so the bending 
moment influence line will be a straight line. The ordinate 
at the end Aj will be given by a = o, and will be equal to 

- — ^ ( I - /3 ), and at the point g, where a = /3, it will be 

equal to f i - /3 j. When the load is beyond q, a > /S 

and Mq for unit load will be equal to the previous value minus 
I X L (a - /3). 

Mq = --"-(i - /3)(/3 - 2a) - L(a - /3) 

|/3-2a+2a/3-/3'^ + 2a-2/3| 
I 2a - /3 - I I (3) 

The extreme value of Mq for a = i comes equal to 

^ ^ , and so we get the bending moment influence line as 

shown in the figure. 

The maximum positive and negative bending moments occur 

W L 
at the centre, and are equal to ^ \ 

o 

Maximum Bending Moment with Rolling Uniform Load. — It 

is clear from the bending moment influence line that the maximum 

positive bending moment at q for a rolling uniform load will occur 

when K N is covered, and the maximum negative bending moment 

when Aj K and n c^ are covered, the numerical values being 

equal. 

.-. Max. Mq ^ P X area of A k^ f n^ 

^/L L/3(I - /3) 
4 * 2 

= ^'/3(i - /3) (4) 

This has a maximum value when , -, ' ^ = o, i.e. /3 = -, 

then we get for the maximum possible bending moment the value 

p \? 
Max. Mq =- — ;.... (5) 
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If the rolling load is of indefinite length, the maximum 
positive bending movement at q will occur when Aj n is covered, 
and the maximum negative when n c^ is covered, the numerical 
values being equal. 

Then max. Mq = / x area of A below n c^ 



2 2 \ / 2 



-^l /3(i -/.y (6) 

This IS a maximum when . -. =0 

d \l 

^'^' d^ ^ = I - 4/3 + 3/^^ = o 

This gives /3 = - for which we get 

Max. M, =>*^^ (7) 

Some writers have referred to the value ^ as erroneous ; it 

54 

is, however, correct for loads of indefinite length, or, in fact, of 

length greater than one-third of the span. 

Shear Influence Line. — When the load is between a^ and q 

the shear at q 

= Sq = Rci - ^ . Q Cj 

= W(^ -a)- ^^L(I -/5) 

= w(/3 - a - p (8) 

.-. For unit load Sq = ^/3 - a - - j 

This is a linear relation, so that the shear influence line will 
be a straight line. 

At the end a^, where a = o, the ordinate of the influence line 

will be equal to ^/3 - ^ V and at the point q where a = /3, it 
will be equal to • 
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Now take the load between q and c^. 

Then Sq = Rci - ^ . Q c^ + W 

, •. for unit load Sq = (/3 - a + - J 
A^ L 



(9) 



*«C 




Fig, 41. 
Influence Lines for Stiffened Siispension Bridges, 

At the point c^ where a = i, the ordinate will be equal to 
\f^~) and at q, where a = /3, it will be equal to H 

The shear influence line is, therefore, as shown in Fig. 41. 

Maximum Shear for Uniform Rolling Load, — It is clear that 
the maximum positive shear at q for a uniform rolling load occurs 
when the load extends from q to x. 

Then max. Sq = / x area of A u Qg Xj 

_ / . L 
8 

This is independent of the position of q and so is the same for 
all positions of Q. 
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The maximum negative shear at Q will occur when the 
portions a^ q and x c^ are loaded, and will have the same 
numerical value as the maximum positive shear; this will be 
clear from the influence line. 

The curves therefore of maximum positive and negative 

shears will therefore be rectangles of height ^ 



CHAPTER V. 

INTERNAL WORK: DEFLECTIONS OP FRAMED 

STRUCTURES. 

When a structure is loaded a deflection results, and each of 
the loads moves a certain distance and does a certain amount of 
external work ; each of the members of the structures becomes 
strained, and in becoming strained absorbs internal work or 
resilience. Accoiding to what is known as the Principle of Worky 
the external work done upon a structure must be equal to the 
internal work absorbed in straining it, and by application of this 
principle we are able to calculate the deflection of a structure. 

Example of Simple Angle Bracket. — Take as an ex- 
ample the simple angle bracket shown in Fig. 42, the portion a c 
being regarded as rigid. Due to the load W there is a tensile 
stress in a b, and a compressive stress in b c, thus causing a b to 
stretch and b c to contract. 

Calling A B the bar i and b c the bar 2, then if F^, F2 are the 
forces in the bars (commonly but not quite correctly called the 
stresses), A^ Ag are their areas ; /^ /^ their lengths ; x^ x^ their 
extensions ; and E^ and Eg their Young's Moduli ; we shall have 

F / 

- F / 
*^ = ^^E, <^> 

Now the work done in straining will be equal to - F^ x^ 4- 

-Y^x^; it is - because the strain and force increase gradually so 

that the stress-strain diagram is a triangle. 
Therefore the work done 

T F -^ / T F 2 / 

2A1E1 2 A.2E./ ^^^ 
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the plus sign being used because both F.^ and x.^ are negative, 
or for an indefinite number of members we may write 

Internal work = S ( p, ) (4 




Fig. 42. 



But external work = - W § ( - because the load is con- 

2 \2 

sidered to be applied gradually as deflection takes place). 



.-. h = ,. 



F *^ / 



Y.? I'' 



Now Fj and Fg will be proportional to W, and if Ui and U., 
are the forces in the bars caused by unit load, we have 
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' IT 2 / TT 2 / \ 
.-. 5 = W ( ^-1—1, + ^2A) (5) 

or more generally 

^ = ^^^xi' - • • (^> 

Numerical Example— 7>z>^^ ab == 5 //. «//^ /acb = 45°; if 

W = 7 /^//j fl^/^ the areas of x^ and B c are i j"^. /«. and 3^ inches 

respectively^ find the vertical deflection at the point B, taking 
E = i2,^co tons per sq. in. 

In this case Fj = W and Fg = W ^3 
.-. U = I and Ug = -s/^ 



a = 



7 / I X 5 X 12 , 2 J< 5 X 12 X J2 \ 

,500 V I 3*5 / 



12,500 

^ 7 X^ / . 2^2\ 

12,500 V 3*5 / 

_ 7 X 60 X r8i 
12,500 

= •061 inches. 

More general Case. — In the example that we have just 
considered there was only one load and we required the deflection 
only in the direction of that load. We will now consider the 
more general case. 

Let Fig. 43 represent any structure the deflection of which is 
required in any direction a. 

Take any bar i and imagine for the time being that all the 
other bars are rigid. 

Then if a unit load is applied at x in the direction a and 

causes a deflection h., then - x i x 5, = external work done 

2 

by unit force 

2 
where Uj = load in bar i due to unit load at x 

Xj = extension „ i „ „ ,. 

i,€, b^ = Ui x^ (7) 
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If therefore instead of putting the unit load at x we had 
stretched the bar i by an amount x^ we should have obtained the 
same deflection h^ at x. 

From this we get the following rule. 

The deflection in any direction of any pnint in a framed 
structure due to an extension x in any one bar is equal to the 
load in that bar caused by unit load at the given point in tlie 
given direction multiplied by the extension x. 




Fig, 43. 



What is true for one bar is true for all, so that we may write 

8 = t\5x (8) 



Now X in an ordinary loaded structure will be equal to 



F/ 



where F = load in any bar due to the loading and /, A, E are the 
length, area, and Young's modulus respectively. 
Thus we get the formula in the form 

UF/ 



*-^(^') 



(8) 



Our procedure to get the deflection in any direction at any 
point in a loaded framed structure is therefore as follows : 

First find the extension in each bar due to the loading on the 
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structure ; then take a unit load acting in the given direction and 
treat it as the only force on the structure and find the load due to 
it in each bar ; multiply each extension by the load produced by 
the unit load and add the results together. 

Numerical Example. — Take the example of the previous 
paragraph and find the horizontal deflection, 

A unit horizontal force at B causes unit load in A B and no load 
in B c. 

.'. Uj = I ; U2 = o . 

_ 7 X 12 X 5 
I X 12,500 

I X 7 X 60 



x-i = 



S = 



12,500 



= "034 inches. 



30T 




30T 



2.' 


a 




C 






\u/ 


/ 







^Y 




<'' 


\/ 


/\ 


\, 


o> 




c' 



Unit S/ness Diaarom 




S/ress UtQQram 



Fig. 44. — Deflection of Warren Girder. 

Deflection of Warren Girder.--The calculation of 
deflections for a frame with a number of loads will be clear from 
the following calculation of the central deflection of a Warren 
girder of 72 ft. span loaded as shown in Fig. 44. 
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The loads (or stresses) F in the various bars are first found for 
the given loading either by the reciprocal figure method or by the 
method of moments. 

The loads U in the .various bars are then found for a unit 
load at the centre, the reciprocal figure in this case being drawn 
to a larger scale. 

The results are then tabulated as follows : — 



Member 


Length 
I 


Area i 

A ' 


Load or 

Stress 
F 


Unit Load 

or Stress 

U 


U X F X / 
A 




2 


(ins.) 
X i8o 


(sq. ins.) 
7-5 


(t 


ons) 
37*5 


( 


tons) 
•625 




O A, O A 


1125 


O B, b' 


2 


X 


2l6 


9 


— 


450 


— 


•750 


1620 


CD 






2l6 


12 


— 


60 


— 


1-500 


1620 


T A, l' a' 


2 


X 


2l6 • 


4-5 


+ 


22*5 


+ 


•375 


810 

1 


2 C, 2 d 


2 


X 


2l6 


IO-5 


+ 


52-5 


+ 


1125 


1 2430 


A B, a' b' 


r 2 

1 


X 


i8o 


7*5 


+ 


37*5 


+ 


•625 


1125 


B C, b' c' 


2 

1 


X 


i8o 


1 2-5 


— 


12-5 


— 


•625 


1125 


C D, C' d' 


1 
1 

2 


X 


I So 


2-5 


+ 


125 


+ 


•625 


1125 



U F/ 

(+ indicates tension ; - compression.) Total =2 — = 10,980 



.•. Central deflection = — ~-^ = '^ = '88 ins. nearly. 

E 12,500 

To save time and space in the above table, bars in which the 
stresses are the same from considerations of symmetry are 
tabulated together, the length of each being multiplied by two. 

Deflection of Warren Girder by Formula. — If we 

assume certain working stresses for tension and compression 
(/t and/c respectively) we can deduce the deflection for any type 
of framed structure under uniform load. Take for instance the 
case of the Warren girder (Fig. 45). 
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Let d = length of each bay. 

2 n = number of bays. 

h = height of girder. 

F 

A 

F 
„ „ compression „ „ - 



Then for tension members we have -.- = /t 

= /c 




Fig 45. — Deflection of Wai^ren Girder. 



Consider first the lower Flange. 
For the unit load at centre, 

U for first bay = — [by method of moments] 

U for second bay = ^—- 
U for third bay = ^ 



U for «'*^ bay 
,UF/ 



4// 

(2 « - i)V 



up to centre = -iAj__i i + 3 + ^ ... (2 « _ i)l 

4^1 J 

^ n^ d^f, 
4 h 

. S —. — for whole span = - "^ * (i) 

A 2 h " ^ ' 

Upper Flange. 

U for first bar = 



U for second bar = 



2h 

2 d 
2 h 
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n d 



U for centre bar = 



2 h 



.'. S ^ up to centre = "^ , - ( i 4- 2 . . . « 

^ f^d'^n(n + i) 
2^.2 

For whole span we must add the above to that up to the 
(// - i)th bar 

.', S — r- for whole span = -^"^ , { ^ ' + ^ - 

A ^ 2 h y 2 2 

- ^r <■) 

Diagonal Compression Members. 



U for first bay = ^ ^ ^ ^ = ^ 

^ h 2 h 

This is the same for every bay. 



U F/ / d"^ \' ^ + 
S - for whole span = h . \/ h^ -\ . 2 n : — - 

-"H'-O ■■■ <3) 

Diagonal Tension Members. 

U will be the same for these as for the compression members. 

.-. 2 ^ J- for whole span = ""^^ (/^^ + ^'^ (^^ 

Adding up (i) to (4) and dividing by E we get 

/c + 



I^H-«(--7')} 
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fc +/. 

2£ 



(5) 



2 E ^ 



(s«) 



We can apply this to the girder in Fig. 44, because it is clear 
from the table on page 93 that fc = f = 5. 



Then h 



(362 + l82 + 4 X I2'A 



10 X 144 
2 X 12,500 X 144 

_ 10 X 2196 

2 X 12,500 

= -88 in. 

Deflection of Pratt Truss by Formula. — A similar treat- 
ment to the above applied to the Pratt Truss (see Fig. 45a) gives 

^ =-^1 e/ ] (^ + «^'- + 2 (// - i) hA (6) 



2 K h y ^ 2 \^ 



A 



f 



,(6a) 



f 


1 


\ 


\ 


/ 


/ 


/ 


K 


^J-J 


/ 


l^am 


■ ■ i J 
d " 



Fig, iba, — Deflection of Pratt Tniss, 



Comparison with Beam Formula. — It is of considerable 

interest to compare the deflections worked in the above method 

with those according to the ordinary beam deflection formulae. 

M /^ 
For a beam of uniform strength h = o i? t > ^°^ ^^ y ^^ ^^^ 

distance from the neutral axis to the point where the stress is/, 

we have - = -^^ 
V I 



••. h 



ft 
8Ej 
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But if fc and f are the extreme compression and tension 

stresses, we shall have -^^ t -^^ = -^ ; this will be seen clearly if we 
' h y 

consider the ordinary triangular diagram showing the distribution 
of stress in a beam : 

- » = "svr <') 

If this be compared with the formula for the Warren girder, it 
will be noted that it is equal to the deflection contributed by the 
top and bottom flanges of the Warren girder. 

To get a rough estimate of the error involved in applying this 

formula to the case of a Warren girder, take ^ = g ^"^ ^ = - , 
this corresponding to equilateral triangles in the truss. 

d 4 I i6 16 v^s J 4 73 

.-.equation (5) =^;+{*(^f^^^^) 

Therefore the theoretical error of using equation (7) instead of 

equation (5) would be in — ( i + —j=\ or roughly 36 %. 

4 V3 4 \ n/3/ 

For a Pratt truss the error will come rather more than this ; 
this analysis shows that the deflections in framed girders cannot 
be computed by the ordinary beam formulae without introducing 
considerable error. 

Experiments on American pin-connected truss bridges have 
shown that the actual deflections agree quite well with the 
formulae ; with riveted truss bridges that are usual in British 
practice the deflections will come a little less than the calculated 
deflections, and the calculated deflections for plate girders are 
always somewhat less than the actual deflections, so that in 
practice the difference between the deflections of plate girders 
and Warren girders will not be as great as indicated in the above 
treatment. 

* Height of Girder for Maximum Stiffness. — We can 
find the height of a Warren girder to give maximum stiffness by 

H 
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differentiating equation (5) with respect Xoh and equating to zero. 
We then get : 

2 E 



dh 



"{- 



4 A'-i 



d 



+ 



/ _ Id \ ^ 
d 4>^2 I 



4>^2 



^2 ^ d(d^ I) 

4 
h ^ ^d{d+_l) 



I + 



d 

= -2 w ' -^ d 

A similar analysis for the Pratt truss gives 



V 



(8) 



* - i s/'- e H) 



d 
2 



I . d 



+ 2 



V^ 5-* 



(9) 



The following tables give values of -> for various values of -, to 
give maximum stiffness or rigidity : — 

Warren Girder. 



No. of Bays = L 

a 


4 


6 


8 


10 


12 


h 

d 


I-I2 


1-32 


1-50 


1-66 


I -So 




Pratt Truss. 






No. of Bays = - 


4 
173 


6 


8 
[•82 


10 


12 


h 

d 


173 


I 94 


205 



I 
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It follows from the following reasoning that when the stress 
per square ifich in a girder is constant the girder of maximum 
stiffness is also that of minimum weight. 

The total internal work = 2 t-^ 

A E 

F 
But T = stress per square inch = /(assumed constant). 

,', Total mternal work = S g— 

~ E 

/2 X volume of girder 
= E 

Now, if the girder is of maximum stiffness, the deflections, 
and therefore total external work, will be a minimum ; therefore 
the total internal work will be a minimum, and thus the volume 
and weight of the girder will be a minimum. 

In using the above formulae for deflections and the values of 

- for maximum economy, it must be remembered that assump- 

a * 

tions have been made that the stress is constant throughout the 
truss ; this is very seldom attained in practice, principally because 
the compression members have to have their buckling factors 
(length in terms of least radius of gyration for pin-jointed ends) 
taken into consideration in the determination of the stresses. In 
practice the height is usually less than that given for maximum 
economy ; this is justified when the question of the length of the 
compression members is taken into account. 

GRAPHIC DETERMINATION OF DEFLECTIONS. 

The deflections of framed structures may be found by the 
following graphical constructions, which are analogous to the 
velocity diagrams employed in investigating the kinematics of 
mechanisms ; they are sometimes referred to as Williott diagrams. 

We will return to the simple case of the angle bracket. The 
bar I, Fig. 46, stretches by an amount b i', and the bar 2 contracts 
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by an amount b 2' ; the bar i can turn about a, and the bar 2 can 
turn about c, so that by drawing arcs from i' and 2 with centres 
at A and c respectively, we get at their intersection b' the position 
which B will take up under the load W. Now, the lengths b i' 
and B 2' are in reality extremely small, so that the arcs i' b' and 
2 b' can be replaced by straight lines at right angles to b i' 
and B 2' respectively \ we thus get the following construction : 




Fig. 46 — Graphical Deteiinhiatlon of Deflections. 



Set out to a much enlarged scale lengths b \^b 2 parellel to 
their respective bars to represent the strains in the bars i and 2 ; 
then draw i b' and 2 b' perpendicular to b 1, b 2, Their inter- 
section b' gives the displaced position of b, and if^:^ is vertical 
and b' x is horizontal, b x will be the vertical deflection of the 
point B and x V will be horizontal deflection. 

Application to ^Varren Girder. — Now consider the 
application of the method to the Warren girder which we 
considered on p. 92. We have used different notation for this on 
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Fig. 47 because it is rather more convenient to number the bars 
in the present construction. 

For the graphical construction we require to know the 
strains ; we will therefore tabulate as follows : — 



Member 


Length 

/ 
(inches) 


Area 
A 

(sq. ins.) 


Load or Stress 

F 

(in tons) 


Strain - f ^ 
AE 

(inches) 


I, I' 


180 


7*5 


- 37*5 


- -072 


4, 4' 


216 


9 


- 45 'o 


- -086 


8 


216 


, 12 


- 6o*o 


- -086 


2,2' 


216 


4-5 


+ 22-5 


+ -086 


6, 6' 


216 


10-5 


+ 52-5 


+ -086 


3.3' 


180 


75 


+ 37*5 


+ '072 


5. 5' 


180 


2-5 


- 12-5 


- '072 


7,7' 


180 


2*5 


+ 12*5 


+ -072 



As the loading is quite symmetrical we will work from the 
centre, and treating the point k as fixed we will find the relative 
upward deflections of the other points, working towards f. 

On the displacement diagram set out ^ 8 to represent half the 
strain in the bar 8, half being taken because we are considering 
only that part of the girder to the left of the dotted line ; also set 
out ^ 7 to represent the strain in k j and draw perpendiculars at 
7 and 8, their intersection giving the point /. (So far the case is 
exactly similar to the angle bracket.) We next require to find the 
displaced position of the point h ; therefore set out k d X.o 
represent the strain in 6 and/ 5 that in 5 and draw perpendiculars 
to get the intersection h-, h^ and/ 4 are then drawn to represent 
the strains in 3 and 4 respectively and the point g thus 
obtained, the final point/ being found in a similar manner. 

To make sure in which direction to draw the strain for any 
bar, say 7, starting from one end k, consider in which direction 




^acrfc^ c/ c//si>k7CC'rf^n^ 



a: 

Fig. 47.- 



-DispUmement Diagram f&i* Warren Crirder 
with Load Symmetrical, 
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the strain goes from the other end j ; if it is a tension strain, 
draw towards j; if compression strain, dr^w away from it. 

Then f x will give the displacement of the point f relatively 
to k, />., equal to the deflection of k, and will be found to scale 
off equal to '88 inches. If we completed the strain diagram for 
the other side we should get a reflection of the displacement 
diagram, the point f coming in a horizontal line with the 
point f. 

The displacement diagrams possess the advantage over the 
methods of calculation previously discussed that they give the 
displacement of every point in the structure and do not give the 
deflection at one point only. 

Loading not Symmetrical. — If the loading is not 
symmetrical we have to work from both sides, and some adjust- 
ment has to be made at the completion of the construction to 
make the deflections equal when worked from each end. Con- 
sider for instance the same truss as before, but a load of 60 tons 
at the first node instead of 20 tons at each. 

The stresses can be obtained from the reciprocal figure 
shown in Fig. 48 or can be calculated easily by the method of 
moments. ■ ^ 






G ^ J 



/ ^J 



a J ij <g 




jDfs^kUcammnf Scal» 



•z im ; 



Fig. 48. — Displacefnent Diagram f&r Warren 
Girder with Load not Syminetincal, 
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We can then tabulate the strains as follows : — 



Member. 


Length 
I 

(ins.) 


Area 
A 

(sq. ins.) 


Load or 

Stress 

F 

(in tons) 


strain = /_^ 
(inches) 


UF/ 
AE 


I 


180 


7-5 


- 5625 


- -108 


+ -0675 


2 


216 


45 


+ 33 75 


+ -130 


+ -0486 


3 


180 


7-5 


+ 56-25 


+ -loS 


+ -0675 


4 


216 


9 


- 675 


- -130 


+ -0971 


5 


180 


25 


+ 18-75 


4- -108 


- -0675 


6 


216 


IO-5 


+ 56-25 


+ 093 


+ -1042 


7 


180 


2-5 


- 18-75 


- -108 


- 0675 


8 


216 


12 


- 45 00 


- 065 


+ 0975 


7' 


180 


25 


+ 18-75 


+ -108 


+ -0675 


6' 


216 


io*5 


+ 33*75 


+ -062 


+ -0708 


5' 


180 


2-5 


- 1875 


- -108 


+ 0675 


4' 


216 


9 


- 22-50 


- -043 


+ 0326 


3' 


180 


7*5 


+ 18-75 


+ -036 


+ -0215 


2 


216 


4*5 


+ ir-25 


+ -043 


+ 0162 


\ 


180 


7-5 


- 18-75 


- -036 


+ -0215 



The last column is added in order to check the central 

deflection by calculation, the values of U being obtained from the 

table on p. 93. In connection with this column there will be 

noted a new point which has not arisen in the examples considered 

up to the present ; the values of F and U for the bars 5 and 7 

U F/ 
come of opposite sign, so that the value of ■ comes negative 

for these bars. 

To draw the displacement diagram we start as before at the 

point k and working towards the left we come to the point /; 

then working towards the other side we reach the point yj. 
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As a rule with non- symmetrical load the points /^/^ will not 
come on the same horizontal line as of course they should be if 
F and f' are at the same level, /w representing the difference in 
level; if we bisect /»* at n and join/«, then n m represents the 
amount by which we have to correct the deflection at the point k. 
To get the corrections for other points we will note that the 
correction consists in swinging the whole girder about the point k 
by the amount n m upwards at f and nfy^ downwards at F' ; the 
whole girder can then be drawn on this inclined base, the 
displacement scale being preferably reduced \i n m i& more than 
about ^V span. As a rule, however, only the deflections of points 
on the lower flange are required ; in this case the following rule 
will give the corrections. Divide//// into as many equal parts as 
there are bays between k and each end, and erect perpendiculars 
such as / ^ from each to / // ; then these perpendiculars measure 
the amounts that must be added or subtracted to the deformations 
of flange points measured from the point n ; if the flange points 
are on the same side of k as f, the distances p q are subtracted 
from the measurement to the point //, but if on the same side as 
F^, the distances are added to the measurement to the point. 

The central deflection in the above example will be equal to 

the vertical distance between the points k and n ; this measures 

•65 in. and agrees with the result obtained by adding up the 

U F / 

column of -r-^- in the table. 

A E 

The maximum deflection occurs at the point h and will be 
equal to the vertical distance between h and n minus the distance 
p.q'y this comes equal to '78 in. 

We could correct the displacement diagram by redrawing it 

Mrith the point k to the right by an amount equal to 

where h is the height of the girder and /is the span ; the diagram so 
redrawn would have the points /and/j on the same horizontal line. 

Displacement Diagram for Roof Truss. — We will next 
consider the application of the displacement diagram to find the 
horizontal movement of a roof truss provided with a roller bearing ; 
in this problem we are concerned principally with the movement: 
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due to the wind, because once the roof has been erected there 
will be no movement due to the dead load. 

Take, for example, the roof truss of 40 ft. span shown in 
Fig. 49. We may note in passing that from a practical point of 
view this truss is not very economical ; the struts have been kept 
vertical for improved appearance, but this has necessitated 
different lengths for several members such as 10, 11 and 7, 12. 

The principals are 10 feet apart, and for a * vertical' wind 
pressure of 30 lbs. per sq. ft. the total wind force comes equal to 
1*86 tons, which is divided up as shown in the figure. Consider- 
ing the case where the wind blows towards the fixed end, we get 
in the ordinary manner the stress diagram shown. 

We can ilien tabulate as follows : — 



Member. 


Length 

/ 
(inches). 


Area 

A 

(sq. inches). 


Load or Stress 

F 

(tons). 


Strain 
F/ 

Ea 

(inches). 


I 


92*3 


2-50 


- 2-48 


- '0073 


2 


923 


2-50 


- 1-87 


- '0055 


3 


923 


2-50 


- 223 


- 0066 


4 


923 


2-50 


- 1*45 


.-. 0043 


5 


923 


2-50 


- I '45 


- 0043 


6 


923 


2-50 


- I "45 


- 0043 


7 


161-3 


i'3i 


+ 2-95 


+ -0291 


8 


i5«-4 


i'3i 


+ I'll 


-h 0108 


9 


161-3 


1-31 


+ 1-27 


+ -0125 


10 


830 


1-44 


- 0-85 


- 0039 


II 


677 


144 


- 0-72 


- 0027 

* 


12 


1387 


1*31 


+ 1-68 


+ 0142 


13 


1387 


^•31 


+ 023 


+ '0019 


14 


677 


1-44 


O-QO 




15 


83-0 


1-44 


Q-OO 


r • 



io8 
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To draw the displacement diagram we start with the bar 8 
and make ^ ^' = 'oioS on a convenient scale ; we next fix the 




ScJes (»'-~y--4==^ 



\0«{«4«>>«onJ L. 



•« 




.DiAOAAf^ 



Fig. 49. — Displacement Diagra^n for a Roof Timss. 



point d and working towards the left in the same manner as in 
previous examples the point a is reached without much difficulty ; 
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working towards the right we note that there is no strain in 14 
and 15, so we set out a length from d equal to the combined 
strains of 4, 5, 6 and reach without difficulty the point a\ Then 
the horizontal distance between the points «, a', measured on the 
displacement scale, gives us the amount of horizontal movement 
of the point a' due to the wind blowing on the fixed end ; this 
comes to about '09 in. ; a similar treatment will give the move- 
ment for the wind blowing in the other direction. 

It will be noted that the movement is very small, so that 
a very simple form of expansion bearing would suffice to take 
up the movement. 

Temperature Deflections. — If /3 is the co-efficient of 
linear expansion, and / is the length of any member, and / is 
change in temperature, the change in the length of the member 
due to temperature = x = /3 / /. 

We may therefore apply the methods previously considered to 
find the deflections due to these strains ; if, for instance, U is the 
stress in the given bar due to a unit load in a given direction at a 
certain point, then the deflection in that direction at that point 
will be equal to 

The displacement diagram could be used conveniently to 
determine such deflections due to temperature changes. 

Application to Continuous Framed Girders. — The 
reactions in continuous framed girders of two spans can be 
found accurately as follows by means of the foregoing methods of 
obtaining deflections : First assume the centre support to be 
removed and find the resulting deflection b at that point. Next 
take a unit upward load at the point as the only load on the 
frame and calculate the resulting upward deflection c^ 

The central reaction required = . This is equivalent to the 
method for solid continuous beams of two equal spans (A, p. 245). 



CHAPTER VI. 
STRESSES IN REDUNDANT FRAMES. 

The stresses in redundant frames cannot be determined by 
the application of the ordinary methods of graphical or analytical 
statics, such frames forming with rigid arches, continuous beams, 
and some other structures a class which is often referred to as 
* Statically Indeterminate Structures,^ In practice it is not usual 
to apply the more rigorous methods such as are outlined below, 
principally because the dimensions of the various members of the 
frame have to be known before the stresses in the members can 
be determined : the usual procedure is to work by the method of 
superposition, by which the redundant frame is considered as 
divided up into a number of superposed firm frames and the load 
divided between them, the stresses in common members being 
added together ; the results obtained by this method are not 
usually very erroneous. In some other cases the diagonals are 
treated as semi-members which can resist only one kind of stress, 
and one or other of the diagonals is considered as coming into 
action according to the position of the load. 

British engineers at one time were strongly in favour of 
redundant frames in bridge design on account of their additional 
rigidity and alleged additional safety, but recent practice tends 
more in favour of the firm or * single-intersection ' trusses. 

Frames with a Single Redundant Member. — Take, 
for example, the simple frame shown in Fig. 50, and take one of 
the diagonals, say 6, as the redundant member. Then if F is 
the load or stress in any member, we may regard F as made up of 
two parts : 

(i) A stress F' due to the loads W^ and W^ with the bar 6 
removed. 

(2) A stress F" due to a force applied at the point b, equal to 
the stress F^j in the redundant bar 6 and in the direction of 
this bar. 



Frames with a Single Redundant Member. 1 1 1 



Let U be the stress in any bar due to a unit force at b in the 
direction of the bar 6 ; then we may we may write 

F = F' + F' 

= F' + UeF, (i) 

F' can, of course, be found easily by the ordinary methods. 

Suppose that the displacement of the point b is equal to h' in 




Fig. 50. — Redundant Frarries. 

the direction of the bar 6 when it is considered removed, then by 
the results of the previous chapter we have 



y = ^ ^'' u ' 



(i«) 



Due to the force F^ we shall have a movement equal to 



*i ~ ? EA - ^«?EA 



(*) 



This is because the stress F in any given member due to a 
load Fg will clearly be equal to F^ U. 

.'. Total displacement = o = ^' + §i 

6 r U L „ * U2 / 



= ?nEA" ^ ^« ? 



but clearly 



KA 

- F /. 
I = strain in bar 6 = tj. t ^ 
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This is minus because we have considered the force Fg as 
inwards, so that the strain due to it will be a compressive or 
negative one. 



5 FU/ 



EA 



... F, = - -ii^ (3) 

EeAe lEA 

We can simplify this by noting that for the bar 6, U = i, so 

U2 / L 

that for this bar 



EA- EA 
We can therefore write 






This gives us 



EgAgfEA 7EA 

FU/ 



t EA 

Er> = - 6^.27 W 

1 EA 
If, as is common, E is the same for the various members of 
the frame, we may write 

8^ F' U / 

F, = - ^, ^ (4a) 

f-AT 
Expressing these formulae in more general terms, we have 

« FU_/ 
f EA 

Fn + i = - n + l^p} ^^^^ 

? EA 

Numerical Example. — Take for example the case shown in 
Fig, 51 and take the areas of the bars i, 2, 3 ^j 5 square inches^ and 
bar 4 and the diagonals as 2 square inches^ and the lengths of i^ '^ 
as 10 feet, and B D and AC as 16 feet each. In this figure (i) is'the 
ordinary reciprocal figure for the loading, and (2) is that for ^unit 
load at B, in the direction of bar 6 (b d). 
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From the reciprocal figures shown, we are able to tabulate approxi- 
mate results as follows : — 



Member 


I 
(inches) 


A 

(sq. ins.) 


F' 

(tons) 


U 

(tons) 


F'U/ 
. A 


U2/ 

A 


I 


120 


5 


- 5-06 


- '625 


+ 75*9 


9*4 


2 


93'6 


5 


- 3-08 


- 125 


+ 72*1 


29*2 


3 


120 


5 


- 5*93 


- -625 


4- 88*9 


9*4 


4 


240 


2 


+ 3*62 


- '49 


- 212*9 


28-8 


5 (AC) 


192 


2 


- 0*64 


+ roo 


- 61*4 


960 


6(BD) 


192 


2 


— 


+ roo 

1 




96*0 








Totals 


• • • • • • 


- 37*4 


268-8 




• 
• • 


F6= - 


- 37*4 _ 


+ '139 ton 


5. 





We can now calculate the stress in the various members by means 
of equation (i), and can tabulate as follows : — 



Member 


Stress by 
correct formula 


Stress by 
superposition 


Numerical error 
in superposition 




(tons) 


(tons) 


(tons) 


I 


- 5-15 


- 5*19 


+ -04 


2 


- 3-25 


- 3*46 


+ -21 


3 


- 6 -02 


- 6' 12 


+ -lo 


4 

5 


+ 3*55 
- -50 


+ 3-47 ^ 
- '32 , 


- -08 

- -18 


6 


+ -14 


+ -32 


+ -18 



For the stresses by superposition we use reciprocal diagram, i, 
using the dotted lines for the diagonals reversed and taking the 
mean values. 

It is clear from the above that in the present case, which may be 

I 



-fT 



5T 





y.x 




p 




li-° 




o 


5 




to 

• 



© 



Fig, 51. — Example of Redundant Frame. 
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taken as typical, the error involved in the superposition method is 
almost too small to worry about when there are errors such as» those 




Fig, h"!.— Example of Redvndant Frame 
{altemai Ive aolutio }i). 

due to stiffness of joints and continuity of flanges nearly always exist- 
ing in most calculations for framed structures. 

Alternative Solution, — As an interesting check upon the above 



ii6 
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working, we will now recalculate the stresses on the assumption that 
the member i is the redundant one. 

The reciprocal diagrams for load, and unit stress are as shown in 
Fig. 52, and the stresses can be tabulated as follows : — 



Member 


I 
(inches) 


A 

(sq. ins.) 


» 

F' 

(tons) 


(tons) 


F'U/ 

A 


1 

A 


I 


120 


5 


- 3*51 


; +-5 


- 42-1 


6-0 


2 


93'6 


5 




I 




187 


3 


120 


5 


- 4'39 


+ '5 


- 527 


6-0 


4 


240 


2 


+ 4'90 


+ '39 


+ 229-3 


18-5 


5 


192 


2 


- 3'o8 


- -So 


+ 236-5 


61*4 


6 


192 


2 


- 2-47 
Totals 


- -So 

• • • • • • 


+ 1897 


61-4 








5607 


172 



... F, = - 5^7 ^ _ .26 

^ 172 

This agrees quite well with the previous working, and the stresses. 
in the other bars will be found to be in good agreement. 

* Frames with several Redundant Members.— If there 
are a number of redundant members, we can continue the same 
principle as for one redundant bar. 

Suppose that the number of members for a firm frame is «„ 
and that redundant members are indicated by (« + i), (« + 2), &c. 

Then if Uj, U2, ^c., represent the stresses in any given bar 
due to unit loads in the direction of the first, second, &c., 
redundant bars at the nodes where such redundant bars come, we 
shall have 

F = F + UjFn +1 + U^Fn + a&c (5) 

where F' is the stress in the given bar when all the redundant 
members are removed and F is the stress required. 

In finding the stresses Uj we assume the other redundant bars 
removed and so on. 
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Considering the first redundant bar we shall have as before 
a deflection in the direction of this bar equal to 

'-VTir <«) 

Due to the force Fn + ^ we shall have a further deflection of 

n T T 2 / 

Due to the force Fn + .> there will be a further deflection of c., 

equal to n tt tt / 

^, =-- F„ ^ , S -^Mi.^ (8) 

This is because the force in any given bar is Fn+2 ^i ^^^ 
this will correspond to the term F in the general formula for 

deflection o = — ::T-r - • 

E A 

.-. we have total deflection in direction of first redundant bar 
where there are two redundant bars 

'^F'TT/ "U2/ "UU/ 



This gives us 



but as before _ 



^"+1 7 EA ^ "+^ f EA f EA ^^> 

I A similar consideration of the second redundant bar will give 
us the equation 

^"+^ r EA +*^"+ir EA ~ ? EA ^'°^ 

In any given case the above summations can be made and 
their values placed in the above equations, thus giving simul- 
taneous equations for Fn+i and Fn+2- 

If there are more than two redundant bars, we get similar 
simultaneous equations, their number being equal to the number 
of redundant members. 



1 18 The Theory and Design of Structures. 

* Stresses due to Errors in Length. — In a redundant 
frame there will be internal stresses induced in the members if 
one of the members is not of exactly the correct length. 

In such a case we can calculate the internal stresses in the 
following manner. 

Let X be the amount by which a given member falls short of 
its requisite length (if it is too long, the excess will be considered 
negative), then if as before U is the stress in any given member 
due to a unit force in the direction of the member of incorrect 
length (tending to reduce the length), then the deflection of the 

n TT2 / 

given point due to this load will be given by ^ -^ — , when n is the 

i hi A 

number of bars in addition to the redundant one. 

If F is the stress in the member caused by straining it into 

n TJ2 / "p / 

place, we shall have F S — — -f r^--r = x 

1 E A E A 

F/ 
This is because the bar will stretch by an amount y-s\ and 

this stretch added to the inward deflection of the joint must be 
equal to x 

• F = ^ 

-i- + 1^"^ (II) 

E A ^ TEA 

For the redundant bar U = i so we may write 

X 



F = 



-f'^li (12) 

f EA 



* The Principle of Least Work.— Some treatments of the 
stresses in redundant frames are based upon the above principle. 
According to this principle, the stresses in a redundant frame are 
such that the total internal work or resilience is a minimum. 
We will illustrate this by the case of the frame with one re- 
dundant bar. 

From equation (i) p. in. 

n-l FU/ _ n + 1 F'U/ p. "+1 U-/ 

^ ¥A ~ ? EA ^ ^"+1 f EA 
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Now for bar {n + i), F' = o 

... n+i FU_/ ^ n FU/ " + 1 Wl 

^, EA rEA^"+i rEA 

but by equation (^d) 

^"^^ ? EA-^f-EA-^^ 

n+lFU/ - . V 

•• ? EX=" (^^> 

A corresponding equation will hold for any number of 
redundant bars. 

Now if P is the resilience or internal work in a bar 

P = I!i 
2EA 

If W is any load applied at a point 

^F _ d¥_ d¥_ 2F/ dY 
dW " ^F * ^W ■" 2EA ' 5w 

=- ^I . U 
EA 

because U is the increment of stress for unit increment of load 

FU/ ^ dj 
" EA dW 

dV 

.'. by equation (13) — -— = o, or the total resilience or internal 

work is a minimum. 
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CHAPTER VII. 

STRESSES IN RIGID OR ELASTIC ARCHES. 

By rigid or elastic arches are meant those in which the 
reactions cannot be obtained by purely statical considerations, 
the most common cases being those which are two-pinned (/>., 
having two hinges usually at each end) and those whose ends are 
fixed without hinges. 

TWO-PINNED ARCH RIBS. 

It can be shown that if a trial value Ho of the horizontal 
thrust be taken, and the line of pressure a q c, Fig. 53, be drawn 
for this trial value, and the arch rib a g c be divided up into a 
convenient number of equal parts, and mid-ordinates y, z be drawn 
to the arch and line of pressure respectively, then the real 
horizontal thrust H is given approximately by 

""-";r (0 



H = 



'arch-load sum 



* arch-square sum ' 



X Ho 




F/fif. 53. — Two-pinned Arch Ribs, 

This is true for flat arches only, and for other cases must be 

I -I- 02) where Ic is the radius of gyration of the 
rib and r is the rise. 
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This may be proved at considerable length without use of the 
methods of the calculus, and is given in A, p. 377 onwards, with 
the substitution of Y for y and m for z. 

Formula obtained from Internal Work. — The follow- 
ing proof of the approximate formula involving the notation of 
the calculus will be found shorter and is similar to that em- 
ployed in investis;ating the deflections of curved beams. 

The work done by a couple in moving through an angle 
is equal to the product of the moment of the couple into the 
angle turned through. Therefore, if a short portion d s of a. 
curved beam subjected to a bending moment M is caused to 
change its slope by an amount d i, the work done in bending is 

— , because M increases gradually from o to M. 

.*. Total work done in bending 

= W = /• M dj 

but^ = (0^ - jj~) by the properties of the circle, where R, Rq 

are the final and original radii of curvature of the element and 

/p^ - Tv-j = :^^ by the theory of bending (if the original 

curvature is not large as in hooks and rings). 

,,, ru Uds r M2 , 

or^W = ^^^^-^ (2) 

Now let P be the imaginary load applied at any point, then 

^W _ 2 M dU 
dfP ~ 2 EI • dV ' ^^ 

_ U dU 

~ El ' ~dF ' ^^ 

dW 
Now vp = element of deflection in direction of W 

caused by movement of element d s 
-p^ = bending moment caused by unit load 
= m 
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.'. Total deflection in given direction 

= y kt^^ (3) 

In the case in which the unit force is horizontal we have 
m = I X y, Fig. 54. 

/"Mr 
.-. Horizontal deflection = cc' = / rfj^s (3^) 

A 

P 

N 

Ftg, 54. 

Similarly, for vertical deflections, if x is the horizontal distance 
from the point, where the unit vertical load is applied, to the point 
at which the bending moment is being considered, we shall get 

vertical deflection 

/Mxds , ,, 

ET ;••• (3^> 

Since in the two-pinned arch the horizontal deflection of the 
end c must be zero, i.e, the length of the span must not change, 

c 

we get f ^y ds , . 

J EI- = ° (4> 

A 

Now for an arch M = M^ - H . y (5) 

where M^ is the bending moment for the given load on a freely- 
supported beam of span equal to that of the arch, and H is the 
horizontal thrust required. 

A 

orH plii- /Mi->'^J 
J El - J EI 

A A 
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r 



EI 
.-. H = ^ (6) 

ryf^ds 
V J EI 

! 
If, as is usual, E is constant throughout the arch, this becomes 

c 

I 

H =^ c - (7) 

rfds 



I 



When the form of the arch is such that these integrations 
cannot be performed easily, we take finite short equal lengths 
h s for ds, and if I is constant an equation becomes 

H = ^^ (8) 

A 

and since M = Ho s where Ho is any trial value of the thrust, 
and z is the ordinate of the resulting line of pressure, we get the 
same result as equation (i), viz., 

„ ^ Ho 2^ s 

2v- 

Reaction Locus. — When dealing with isolated loads— and 
any load system can always be considered as divided up into 
isolated loads— the simplest procedure for obtaining the reactions 
is by means of the * Reaction Locus.' In practice, the load is 
usually distributed to the arch by a number of vertical columns, 
so that even with a uniformly distributed load on the span, the 
load on the arch itself is concentrated at a number of points. 

The * Reaction Locus ' is a line which gives the point of inter- 
section of the two reactions for any position of an isolated load. 

If, for instance, in I'ig. 55, k m j is the reaction locus, then, if 
an isolated P be placed at the point f, and the vertical through 
F intersects the reaction locus at m, the lines m a, m c obtained 
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by joining the point m to each of the hinges give the directions 
of the resultant reactions R^, and Re at the hinges. This gives us 
the line of pressure a m c at once, and the bending moment at 
any point is equal to the product of the horizontal thrust H and 
the vertical distance between the line of pressure and the centre 
line of the arch at the point. If the reaction locus is known, and 
Hy is its height at the point f, then the value of the horizontal 
thrust H is readily calculated as follows : — 



The A MAN 
at the point a. 


must represent to some scale the A of forces 

. V^ M N h^ 
' * H " N a ~ a L 


and V^ = P (i - 


.-. H=\"L ^^^ 

■ «)• 

H -P"(' - °)^ (lo) 



At the point f the bending moment will be equal to H x m f. 

i.e. B.M. at F = H {h^ - y^ 

= Pa(l - a)L|l --||- (11) 

Parabolic Arch Rib. — In the case of a parabolic arch, 
the equation to the reaction locus can be readily calculated on 
certain assumptions. 

The most important assumption is that the section of the rib 
is slightly greater at the springings than at the crown. 

Referring back to equation (7) we see that the general 
equation, if the ordinate of the B. M. diagram is z (corresponding 
to H = I in equation (i)), is 



H = 



c 

A 






C 

j^ d s 

V 



Parabolic two-pinned Arch Rib, 
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If now the moment of inertia I of the arch rib is assumed to vary 

d s d X 
as the secant of the angle of inclination 6 at any point, -p = = — 

where Iq is the moment of inertia at the crown, because 

d X = ds cos d and I = L sec B 




Fig, 55. — Reaction Locus /or two-pinned Parabolic Arch, 



Our equation then becomes 

c 
I yz d X 

H = ^ 

c 



(12) 



dx 



It can then be shown that 



h^ = 



Y'dr 



, ('3) 

I + a — a" 

H = 5 P^«(J - «)(i + « - «^) (14) 

P L 

This gives the following values of h^ and H in terms of r and 

respectively. 
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h " 

(Multiply by r) (Multiply by ^ ) 






I -60 





10 


1 


147 


•061 


•9 


•2 


1-38 


•if6 


•8 


3 


132 


'159 


•7 


"4 


1*29 


•186 


•6 


•5 


I 28 


•195 


•5 




K 


H 


a 



From these values the reaction locus k m j can be drawn, 
and by resolving the reactions for any series of loads into 
horizontal and vertical components and adding, we can get the 
total horizontal aud vertical reactions, and thus will be able to draw 
the line of pressure, or calculate the bending moment at any point. 

Proof of Formul/f.. — Although the integrations required to 
prove equations (13) and (14) are what are regarded as simple 
ones, we believe that many engineers find some difficulty in 
inserting the steps which are usually omitted, and so we give them 
at full length. 

The general equation to a parabola is 

y = a + bx -f c x^ (15) 

In our case, Fig. 55, at a, where ^ = o, j = o .*. <2 = o. 
Again, at the centre where L 



X — 2,y — r 

.'. r = + 

2 4 

Finally, at the end c, where ^ = L, r = o 

,\ o = /fL + cU,t\e, /; = ^ rLand^ = o 

.-. in (15) 



(16) 



r = - ~- j^ — 



cU 
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Hence our parabola is given by 



(17) 



I. 

The * arch-square sum ' is given by 



y =-^2(L:x; - x^) (18) 



L L 

16 r2 



/i6r- r 
y^ d X = -YT / (L ^ - x^fdx ( [ 9) 



(» 

L 



Now 



I (Lx ~ x^y- d X = I x^ (L - xY dx 

o 

L 

= / xP' {U- - 2 L jc + xP') dx 
L 3 4 "^ 5J 

r L^ u u "1 

30 L J 30 

AS = (20) 

The * load-arch sum ' is given by 

L 

LA = jyzdx .., (21) 







The value of z changes abruptly at m. 
P'rom A to N it is given by 

s = Va^ = P(i— a)x 

From N to c it is given by 

2 = Vc (L •• .r) = P a (L - :x:) 
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Our integration therefore has to be performed in two steps 
and equation (21) tecomes 



L 

■r * r d. r X 

/ L2 (L - ^) P (i - a) xdx 



o 



+ y^(L - x)Va{h - x)dx (22) 



4P r 



a L 
a L 



j /" (i - a) :x:2 (L - x) dx + fax(i - xf dx 

O L 



The first integral comes equal to 



flfL 



,.., [--^] =<,.„, [(-I:- --i')_c] 



= (i -«)-L*[j-^] (23) 

The second integral comes equal to 

L 

a / (L^ X - 2 L ^r^ + x^) d X 

aL 



a L 



2 3 "*" 4 J \ 2' 3 "^ 4 J J 

This factorises to _ 

^- ^|x + a - 5a' + 3«^| (24) 
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Adding (23) and (24) we get 

4a2-3a^4-i-fa-5a2-f3a^ 



LA = <i--«>"L* 



12 _ 

4Pr 
(i - a)ixU 



^ ^-- (25) 



fi + a - aM P 



LA P^«(i - a)L2[i + g - g^] 
• • W = T^ "" 3 x^^L 

= ^"8/" (I + « - «2) (I - g) (26) 

From equation (10) : 

^^ ~ H 

Pg(i - g)L 

= 5P La (I + g - d^) (i - a ) 

8r 

8r 
~ 5 (i + g - g2) 

_ 1*6 r 

"^ (T + g - g2) 

On comparing this with equation (13) we see that this is the 
result required. 

Uniform Load over Whole Span. — As an interesting 
application of the above formulae we will assume that a load of 
intensity/ covers the span. 

Consider a short length of the span, we may consider the load 
P acting at its centre Sisp.d (ah) = pLda, 

Then due to this load we have a thrust 

= dU = ^^y g (l - g) (l 4- g - a^) d u 



.-. Total thrust = H = - ^ 

8 r 



j a(l - a) {1 + a - a^) dx 



o 
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8r 





■ r 

I {a - 2 a^ + a^) da 



5/L2 ra2 _ 20* a'^n 
8> L2 " 4^ 5 J 



8r 



L2 2 "^ 5 °J 



~ 8r 

This is the well-known result, because with a parabolic arch 
carr3ring a load uniformly distributed along the horizontal, the 
line of pressure coincides with the centre line of the arch and the 
above result follows at once. 

Uniform Load over Half Span. — If a uniform load 
covers half the span from one springing to the crown, a similar 
treatment gives 



8. J ^" 




— z a" 


SPU Fa' 
8r {_2 


2 a* 

4 


8r L8 " 


I 

-32-^ 







160 J 



_/L2 
~ 16 r 

This again is the well-known result obtained from the previous 
one from considerations of symmetry. 

Temperature Thrust for Parabolic Arch. — If /3 is 
coefficient of linear expansion for the arch and / is the rise 
in temperature, the span^ if free to expand, will become of 
length L (i + /3/); L/3/is therefore the horizontal deflection 
in resisting which the temperature thrust Ht is induced. 

Now from equation (3) 

c 

X /^ f My ds 
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And since Ht is the only force acting in this case, M = Yi^y 

'^P^-J EI (^3) 

A 

In the case of the parabolic arch rib with the previous assump- 
tion as to the variation of 1, we get 



JL 


pr = 


Eioy 


y 


"ax 








H 


8 


r^L 








Elo ' 




15 




• 


Hfj = 


15 Elo 


J^J. 


t 










For mild steel we may 


take 










/3 = 


6*7 X 


10 


"^ per 


op 


For concrete 














/3 = 


60 X 


10 


"^ per 


«F. 


Taking for steel 


E = 


30 X 10^ 


lbs. per sq. in. 


Ht for steel = 







• • • • • • • 


• • • 



(24) 



In this formula both lo and r must be taken in inches, and 
Hx will be in lbs. 

Numerical Example. — Take the case of a two-hinged parabolic 
arch of 120 ft, span^ and rise 20 ft. with a live load of 20^000 lbs. per 
panels and a dead load of 10,000 lbs. per panels the load being dis- 
tributed at \o points, as shown {Fig. 56). 

We will first tabulate values of H at each point per unit load ; by 
symmetry we need only consider one-half of the span. 
We then get : — 



Point. 


y (ft.) 


h (ft.) 


H 


(for unit load). 


I 


7*2 


29-4 




•368 


2 


12-8 


27*6 




•696 


3 


i6-8 


26-4 




•953 


4 


19-2 


25-8 




rii6 


5 


20 


25-6 




ri72 



Now take the live load on the left-hand half of the span, and the 
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dead load over the whole span and find the thrust for the load at each 



point. 



We then 


get: 








Point. 
I 

2 


Load (ten thou- 
sands of pounds). 

3 
3 


H (in ten thousands 

of pounds). 
3 X -368 = 1-104 
3 X -696 = 2*088 


3 
4 




3 
3 




3 X '953 - 2-859 
3 X rii6 = 3-348 


5 
6 




2 

I 




2 X 1-172 = 2-344 
= rii6 


7 
8 

9 




I 
I 

I 




= -953 
= -696 

= 368 



Total 



= 14*878 





\ 



2o 

I 

I 



Fig, 56. 

Now calculate the B.M. at \ and | spans. 
The vertical reaction at the left-hand end- 



10 X 10,000 5 X 20,000 X 3 

_ ^ . 



- 15,000= 1 10,000 lbs. 



.-. B.M. due to load at J span 

= 110,000 X 30 - 30,000 (18 -f 6) = 2,680,000 ft. lbs. 
At I span working from other end where reaction = 70,000. 
.*. B.M. due to load 

= 70,000 X 30 - 10,000 (18 4- 6) = 1,860,000 ft. lbs. 
At \ and f span_y = 15 ft. 

.*. B.M. due to thrust = 148,780 x 15 = 2,231,700 ft. lbs. 
Positive B.M. = 2,680,000 - 2,231,700 = 448,300 ft. lbs. 
Negative B.M. = 2,231,700 - 1,860,000 = 371,700 ft. lbs. 

♦Formulae for Circular Arch Rib. — We will next con- 
sider the case of a circular arch rib agc, Fig. 57, of constant 
cross-section and radius r. 



FormulcB for Circular Arch Rib. 
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Let be the half-angle subtended by the arch rib at the 
centre, and let a load P be taken at a point f subtending an 
angle ^ at the centre line ; in order to simplify the integrations to 
calculate H we will assume an equal load P to be placed 
symmetrically on the other side ; the value of H for one load 
will then be one-half that for the two loads. 




O 
Fig, 57. — Circular Arch Bib. 

Then working in polar co-ordinates, for the point (i 

= R sin fl - R sin y 

= R(sin6 - sin y) (i) 

7 = OJl - OCJj 

= R cos y - R cos d 

= R(cosy - cosB) (2) 

V, = V. = P 

.-. For y < e, z = *free' B.M. at j = P a L, because the 
B.M. is constant between p p. 

andaL = R(sin0 - sin ^) (3) 

i.e.y a L — value of x above for y = ^ 

i.e., z = PR(sin6 - sin^) (4) 

For y > 6, z = F .X 

= PR (sine - siny) (5) 
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Also ds — ^dy 

We will in each case work the integral from the upper limit : 
c d 

.-. jy^ds = 2 /^R2 (cos y - cos 0)- R ^y 

A O 

= 2 R^ / (cos-^ 7-2 COS y cos fl -f- cos^ ^) dy 

o 

9 9 

=^ 2 R^ f / COS^ ydy~2 COS / COS y // y + COS*^ 6 f d y\ 



o o 

9 



= 2 R3 (cos2 e.8 - 2 COS sin « + f^^ "^ ^^-^-X) ^y\ 

o 

= 2 R3 /^e cos^ e - 2 COS sin » + ^ + sin2j9\ 

= — (^4 cos2 - 4 sin 2 «+ 2 f^ 4- sin 2 e") 

= — V40COS20 + 20 - 3sin2 0'\ (6) 

C 

lyzds ^2^ I R^P (sin - sin 0) (cos y - cos 0) </ y 





9 



H- / R3 P (sin - sin y) (cos y - cos 0) // y I (7) 

The first integral is equal to 

- sin 0) / (cos y - cos 0) dy 



Rs P (sin e 

J 





= R^ P (sin 6 - sin 0) sin y - y cos 







= R^Pfsin© - sin 0) (sin - 0cos6) 

= R3 P ^sin sin - sin'-' ^ - ^ ^*" ^ ^- + >^n ^'cos e\ (8) 



Formula for Circular A rch Rib, 1 35 



The second integral is eqiial to 



R® P / {sin 9 (cos y - cos 6) - sin y cos y + cos 6 sin y} </ y 

= R3 P fsin /"(cos y - cos d) // y - /"fl^Jj^^y 

+ cos % j %\Tkydy I 

= R8P rsinft(sin y - ycose) + ???-i-t - cosdcosy"! 

"D 3 D n • 9 /I ^ sin 2 , cos 26 .> /. • /» • . 

= K* F I sin^ 6 + - cos^ ft - sin ft stn <^ 

L 2 4 

, ^ sin 2 ft cos 2 0. a, ^^ r\ / \ 

+ ^ 1- + cos ft cos ^ I (9) 

24 J 

Adding (8) and (9) we get 

c 

y-.«^n ^ T^Hiy r ' o n o, ft Sin*^ ft , COS 2 ft 
yzas = 2R»P sm^ ft - sm^ ^ + 

A 

- cos2 ft - ^°* ^-^ + COS ft COS + ^sin^cosft I 
= R^ P sin^ ft - sin2 ^ - 2 cos ft (cos ft - cos ^ 

+ ft sin ft - 9sin0) (10) 

(To follow the last step we note that 

cos 2 ft _ cos 2 _ sin'*^ _ sin^j9\ 
4 4 2 2 / 

c 

Jyzds 



A 

_ P[sin^9 - 'sm^0 - 2 cos ft (cos 9 - cos^ + sin ft - ^sin^)] / 

; (40cos^« + 2ft - 3sin2ft) ^ 

The above is the thrust for a single isolated load, cfte - being 
introduced as above explained. 
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Special Case of Semicircular Arch. — In the extreme 
case of a semicircular arch, for which = 90' or -, equation (n) 

H = ^^^ (12) 



gives 



For load P at the crown, where ^ = o, this gives 

H = ? = -318 P nearly 

From the table on page 125 for a parabolic arch, we get for 

the crown H = <^ , and for /- = - , which will give the 

r 2 

same height of crown as the semicircular arch, H = '390 P. 

Special Case of go*" Circular Arch. — If the angle sub- 
tended at the centre of a circular arch is 90°, R = —f= and the 

V2 

rise r will be equal to -7^ - - = 207 L. 

V 2 2 

This is nearly one-fifth of the span, and is a rise fairly common 
in practice. 



In this case ^ = 45*" = -. 
.•, The * arch-square sum' 



_ R»/7r -K 
~" 2 \2 2 



') 



or 



~ 4 V2 

= '02503 L** 

= 0708 R3 



X 1416 



We will tabulate as before values of H for 8 equal divisions 
of the arch, />., 4 values of 0. 



Angle 0. 



O 
11^* 
22^' 



Value of H in 
terms of P. 



•909 

•835 
•607 




Value of H in 
terms of P. 



•315 

O'OOO 



special Case of dd" Circular Arch. 



m 



These values are plotted against divisions- of the arch in 

Fig. 58. 

Special Case of 60^ Circular Arch. — If the angle sub- 
tended at the centre of a circular arch is 60% the rise will be 

equal to L f i - ^ j = •134 L. This is between - and ^ of 

the span, and would give what is known as a flat arch. 

In this case = 30'' = \ and R = L. 

6 

.'. The * arch-square sum ' = (from equation (6) ) 

^ (tl . 3 4. 2jr _ 3 4z\ 
2(64 6 2 ) 

= -00996 R^ (7) 

= '00996 L^ (7a) 

The values of H for angles equal to o, 15°, 30", and 45** can 
then be calculated by equation (11) and tabulated as follows, but 
as they are difference formulae some care has to be taken to get 
accuracy. 



Angle 0. 



V 

o 
15' 



Value of H in 
terms of P. 



1*44 
i'3i 

I'OO 




22^' 


30 



Value of H in 
terms of P. 



•53 
0*00 



These values are plotted in Fig. 58 upon the same base as for 
the 60* arch. 

Temperature Thrust for Circular Arch. — By equation 

<23)» P- 131— 



,.-! 



EI 



Hj = 



EIL/3/ 
arch-square sum 
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For the 60" arch — 

EIL/3/ 
'00996 L^ 

.*. for steel, taking E = 30 x 10* and /3 -= 67 x 10 



fix 



-« 



IXx = 



20,200 I / 



For concrete, taking E=2 x io<^x/3 = 

1200 I / 



60 



H 




^ 9 z 

- Length of Arc 



Fig, oS, — Thru fffs for Circular Arch Rihs 
For the 90 ' arch — 

rix - 



R I /5 / 

•02503 L2 



«040 I / ^ 

= ■. 2 lor steel 



480 I / 
"17 



for concrete 



Reaction Loci for Circular two-pinned Arch Ribs. 
— We will now find the reaction loci for the circular two-pinned 
arches that we have considered. 

Semicircular Arch, — Let a load P, Fig. 59, be applied at a 
point F on a semi-circular arch ; then 

(13) 



A N 



A 

H 
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NowVa 
And H 



= P X 



N c P X R (i + sin ^) 



A c 



2K 



Also 



(from equation (ii), p. 135, putting d 
P {i - sin2^} 

AN = R (i - sin ^) 



=i) 




Fig, 59. — Reactimi Locus /or Semicircular Arch, 

.*. From (13) M N 
^ R (i - sin<y>) X PR (i + sinj^) . P {i - sin^ ^} 

TR "^ TT 



= /^ = 



R 



(14) 



Therefore the reaction locus in this case is a straight line 
K M J at height — above a c. 
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90" Circular Arch, — In this case, Fig. 60, 

AN = ^\ Q - N Q — A - F S 

= — - R sm 



Reaction Locus 




Fig» Q(i,— Reaction Locus for 90° Arch. 



And 



.*. h = 



Va = 



P X Nc p(^ + Rsin<^) 



AC 



Va« AN ^ P (2 + R sin ^y (- - R sin ^) 



LH 



P(^' - R2sin2^)_ PL2 /I 



LH 



2L 






PL 
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Taking the values tabulated on p. 136, we get the following 
results. 



Angle 


h 


Angle 


h 






276 L 
•277 L 


22j° 

33f° 


•291 L 
•303 L 



This gives the reaction locus shown in Fig. 60. 

60" Circular Arch, — In this case, Fig. 61, as in the previous 



case we shall have 



h = 



P (^' - R2 sin2 0) 



LH 



in the case R = L. 



.*. h = 



P L ( J - sin2 ^ 



H 



Taking the values tabulated on p. 137 this gives 



Angle 


h 


Angle h 


1 





•174 L 
•178 L 


1 

15 ° 183 L 

22j° 188 L 



This gives the reaction locus shown in Fig. 61. 

Procedure for Design. — In designing a two-pinned arch 
rib to carry a given load we do not know the sections accurately 
to start with, and so cannot make an accurate computation of the 
stresses ; in this case a good method of procedure is as follows. 

First assume that the arch is parabolic and that the section 
varies in the manner set out on p. 1 24. With this assumption 
the maximum thrusts (including temperature thrust) and bending 
moments, and thus the stresses at the various points can be 
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found ; ihe necessary section at various poiots < 
designed. 

Reaction Lao 




Reartioii Lociia far 00° Areh. 



e determination of the thrusts can then be found 
for the section so designed b> tneans of the foimulie 



El » lit 

^4 
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where 71 is the number of elements of the arch that are 
considered. 

In this way corrected stresses are calculated, and, if necessary, 
modifications in the section can be made. 




Fig, 62. — Graphical Construction for Arch Summations. 



Graphical Constructions for Arch -square and 
Load-arch Sums. — In cases where we cannot obtain sufficient 
accuracy by working by the formulae for parabolic and circular 
arch ribs, the following graphical constructions may be employed. 
Draw the arch centre-line a g c, Fig. 62, and divide /'/ (not the 
span) into a convenient number of equal parts ; to prevent the 
figure from becoming too crowded we have shown only eight 
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parts, but more than this should be taken to ensure accuracy. 

Ordinates are then drawn through the mid -points of these 

elements, and, in order to facilitate the construction, these mid- 

ordinates are drawn to an enlarged vertical scale (double scale in 

the figure). Horizontal lines are drawn through the mid-points 

on the enlarged scale and are treated as force lines. 

The B.M. diagram a^ Cj for the given loading is then drawn, 

and the corresponding mid-ordi nates are marked and represent 

the s's. 

Now take horizontal base-lines, and to a convenient scale of 

reduction set out the ordinates j,^ respectively at points o, i, 2, 

&c. 

Above the points 4 choose poles Pj, P 0, and draw vector 

figures at the same polar distance /, and, starting at the point x^ 

draw link-polygons for the y'^ and 0's, the intercepts upon the 

base A c being a, b and r, d respectively. Then if Hq is the trial 

thrust corresponding to which the B.M. diagram is drawn, the 

thrust H that we require to find will be given by : 

c d 

H = Ho X -: 

a o 

Proof, S j2 = S (jp X J') = sum of moments about the base 
line A c of a number of horizontal forces equal to y acting at the 
top of the mid-ordinates. According to the property of link 
polygons, the moment of a given force system about any point is 
equal to the polar distance multiplied by the intercept between 
the first and last links upon a line drawn through the point 
parallel to the resultant force."* This intercept in this case is a b, 

,', Sy = p y. ab 

^y z = Sum of moments about the base line a c of a number 
of horizontal forces equal to z acting at the top of the mid- 
ordinates, and so 

Sj; z = p X cd 

'' ^ - ^y2 ab 

The construction so far is for the case where the cross-section 

* For proof see A, pp. 53, 61. 



Two-pinned Arch Ribs with Tie-rods. 145 

of the arch is constant throughout ; if this is not the case we set 
out - and - upon the lines y y and z z inste^^d of y and z respec- 
tively and then proceed as before. 

When the temperature thrust is required, we have 

EI L /3/ 

^^ ~ sy. h s 

If the numbei of elements into which we have divided our 
arch is n. then j "^ ^' ^^ ^^^* *^^ above equation becomes 



Hr - -r 



Elnf3/ 

p X a /? J 

If, of course, values of y were set out in. obtaining a by 1 dis- 
appears from the formulae. 

Two-pinned Arch Ribs with Tie-rods. — Sometimes 
two-hinged arch ribs are provided with tie-rods betweien the 
springings, a familiar example of this occurring in the arched roof 
of St. Pancras Station, London, the tie-rods in this case passing 
below the platform level. 

In this case, instead of equating to zero the total vertical 
movement of the support c, we must equate this movement to 
the extension in the bar which the force H will cause, because if 
the abutments are replaced by a tie-rod, the thrust upon the arch 
is accompanied by a tension in the tie-bar. 

.*. From equation (sa), p. 122, we get 



c 

/ 



Mydi ^ HL 
EI ~ E A 



(0 



A 



where L = the length of the tie-rod 
A = its cross-sectional area. 

Putting as before M = M^ - Hjk, we get 

J ET ■ "7 El - EA (*) 
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c 



.-. H = ^- — : (3) 

^ EI EA 

A 

If E and I are constant throughout the span, this gives 

c 

A 

If instead of integrating we take finite increments h s, we get, 
putting Mj = HqZ 

' " ^ sy + ki (5) 

Since ^-r" ^^^^ always have a positive value, it is clear that 

A o S 

H will be less in the present case than that in which the supports 
are unyielding ; this is, of course, what one would expect, because 
the present case is an intermediate condition between the bent 
beam and the rigid arch. 



CHAPTER VIII. 
RIGID OR ELASTIC ARCHES (continued). 

TWO-PINNED FRAMED ARCHES. 

To determine the horizontal, thrust in a two-pinned framed 
arch, such as a spandril arch, we first assume one of the ends, 
say c (Fig. 63), to be movable horizontally. If we apply a unit 
horizontal load at the point c, it follows from the treatment in 




Fig. 63. — Two-pinned Framed Arches, 



Chapter V. that the outward horizontal movement at c will be 
equal to 

K- ^ EA (') 

Where F = load or stress in any member due to given loading. 
U = load or stress in that member due to unit horizontal 

load at u 
L = length of that member. 
A = cross-sectional area of that member* 
E = Young's modulus. 
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Also due ta a single thrust H at the point c, the inward hori- 
zontal movement of the point c will be equal to 

U-L 

\=H -EA (^> 

because in this case F = H U in each member. 

■ If the length of the span is not changeable, we must have 

FUL 

V m 

•■■ " = u4 (3> 

V 

^ EA 

Horizontal deflection of c due to given loading 
~ Horizontal deflection of c due to unit horizontal load at c 

If E is constant throughout the structure this gives 

FUL 

2~A" 
. ^ = U'^L (4^ 

V 

-^ A 

The similarity between this formula and that for the arch rib 
will be apparent. Similarly for temperature thrust we shall have 

H - ^'^' 

^"t - ^y^i (5) 

^ EA 

Once we have determined the horizontal thrusts in this 
manner, the stresses in the arch can be found by the ordinary 
reciprocal figure construction, or by the method of moments. 
The procedure in this case is, therefore, as follows : — 

1. Determine the stresses in the various members as if no 

horizontal thrusts occur. 

2. {a) Calculate the horizontal movements at c due to the 

given loading and to a unit horizontal load at c, and 
divide the first by the second to give the thrust H. 
or (b) Find by displacement diagrams the horizontal deflec- 
tions at c due to the loading and to a unit load at c, and 
divide the first by the second to give the thrust H. 





Fig. 63a. — Stress Diagrams for 
Arched Roof Truss. 
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3. Determine the stresses in the various members due to the 
load and the thrust H acting together. 

Fig. 63^ shows an example of this, {a) shows an arch roof 
truss hinged at the ends, the load being in tons. 

The stress diagram {c) is first drawn for the vertical reactions 
only ; this is equivalent to assuming one of the hinges replaced 
by a roller bearing. This diagram gives the value of F for each 
member. 

Taking 10 tons as a unit horizontal load, the diagram {b) is 
next drawn, the load o i being the only external load ; in this 
diagram, of course, the points i, 2, 3, 2', i coincide. This 
diagram gives the value of U for each member. In these calcu- 
lations the cross section of each of the members has to be assumed 

F U L U- L 
beforehand. The value of — -r — and * are next calculated 

for each member, and the corresponding quantities are all added 
together, thus enabling H 10 be calculated according to equa- 
tion (4). In these summations due allowance must, of course, be 
made for the sign of the stress. 

' In the present case this calculation gives H = 16-7 tons. A 
new stress diagram {d) is then drawn from this value of H (/>., 
I - 4, i' - 4' = 167 tons), and from this the stresses in the 
arched truss are found. 

Reaction Locus for two-pinned Spandril Arch.— If 
the thrust and reactions be calculated for each node or panel 
point of the top flange, the reaction locus can be obtained as in 
the case of the arch ribs. 

In order to save considerable labour, it is usual in the design 
of structures of this type to adopt a reaction locus given by some 
formula. The following loci are commonly given : — 

{a) Johnson^ s Parabolic Locus. — ^This is of the form 

2*5 (r - d) X- 
h^ = ^— p — — ■¥ r + 2-2 d (i) 

and was claimed by Professor J. B. Johnson to give results within 
5 per cent. 

{b) Johnsofi's Hyperbolic Locus. — This formula is a later one 
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by Professor Johnson, and is considered as giving results more 
than the parabolic locus, U is of the form 



where Q = i-js r + i'85 rf 



■Johnsons PafciixJic Locus 

Fr-cemon's Si"G Locus 

Johnsons Hyjberholh Locus 




Fly. QSb. — Rcn'il<ni Imc'i for SpuudrU Arch. 

(() Freeman's Sim Locus. — In a paper by Mr. Ralph Freeman 
on the ' Design of a Two-hinged Spandril -braced Steel Arch ' 
(TVtv. /rist. C.E., vol. cxlvii.), the following formula is suggested 
as giving results more nearly accurate than Johnson's paraboUc 
formula : — 



i-3('-+ d) - 



2 C- + rf) s 



90 



180= 
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In order to obtain an idea of the difference between these 
three formulae, we will calculate their values for a number of values 

r 

of X, We will take L = 6 r and ^ = -, the values of h being 

in terms of r. 







h in terms of r. 




X 


Johnson*s 
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•iL 


1*46 


1-45 
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•f L 
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•3L 
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i'5i 


1-63 


•4L 


176 


1*57 


1*75 


•5L 


1-94 


I 63 

1 


I 80 



The loci are shown in Fig. 63 A 

The value of the reaction locus method in designing a spandril 
arch will at once be apparent, because 'no troublesome summa- 
tions (needing, first of all, a knowledge of the dimensions of the 
various members) are necessary. 

Numerical Example of Lengue Arch. — In order to 
give an example of the summation method of calculating the 
stresses in a two-pinned spandril arch, we will quote and consider 
the results for the Lengue arch, which was investigated by Mr. 
F>eeman in the paper above referred to. 

The arch carries the Benguella Railway over the River Lengue 
in Portuguese West Africa; the span is 138 ft., divided into ten 
panels ; the depth at springing being 29 ft. 6 ins., and at crown 
4ft. II ins. (/>., rise = 24ft. 5 in.); the width at top and bottom 
being 13 ft. 9 ins. 

The stresses were first obtained by means of Johnson's 
parabolic locus, and from these stresses the values of the areas of 
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the various members were obtained. The stresses were then 
found by. the method of summations. The method adopted in 
the summations was a variation upon that given in equation (4), 
page 148. 

The stress F for an isolated load may be regarded as S x V, 
in the case where there is no load between the reaction and bay 
in which the member under consideration is situated, V being the 
vertical reaction at the point a or c. Take, for instance, the case 
of a load P at the node between the fourth and fifth bays, Fig. 64. 
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Fig. 64. — Lengue Arch. 



Se f represents the load or stress in any member, say e f, due to 
unit load at a, then V^ can be calculated easily, and Fef = V^ Sbf. 

Now suppose that our member is beyond the load, say the 
member e' f' ; it is clear that if we look at the structure from the 
other side, the stress in e' f' will be equal to Fp/ p' = Vc Se f 

With this artifice for saving time in calculation our equation 

for H becomes 

„ V. SUL 



H = 



A 



The values of S and U can be calculated or else obtained by 
the reciprocal figures of Fig. 65, the upper diagram of which is 
for U and the lower for S. The results were then tabulated as 
shown in Table I. 

From these figures Table II. is then constructed. 
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In order to make 'liable 11. quite clear, we will give a little 
additional explanation bf the manner in which it is compiled. 
Take, for instance, the case where the load is at joint 2 : there 
iare two top chord members to the left, viz., e x and g x, and 

^ ^ U i^ ^Qj. these =2*4 from Table I. ; to the right there are 

21 S U L 
eight top chord members, and — j^ — '^ for these will be, from 

Table I., 187-9, because this is the same as the point 2 working 




n'm'l' 



V\g, 60,— Reciprocal Diagrams for S and U. 

from the other end. The values of the other members are 

V "p rj T 
obtained in a similar manner. The column of - — ^ — is obtained 

by multiplying 'i2'8 by '8, giving to-2, and 365*8 by '2, giving 
7 3' 2, and adding these results together ; these values are then 

divided by 1548, which is the value of "" for all the 

members, to give the value of A. 

Having thus calculated the thrusts, the stresses in the various 
members are obtained by reciprocal diagrams ; those for loads at 
joints 4 and 5 being shown in Fig. 66, and from these Table III. 
is compiled. From these figures the maximum stresses in the 
members can be obtained for a given load system, and these are 
combined with the dead load, temperature, and wind stresses to 
give the final figures for design. 
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Fig. 66. — Beciprccal Diagratna /o?' Lengue Arch, 
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2 
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TABLE 1 1 J. 
Stresses due to Unit Load at each Joint. 
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Stress in N N' due to load at 5 = i 'oo. 

A load at joint o produces a small thrust, but the stresses in 
all the members except d x are so small that they may be 
neglected. 



• 
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FIXED OR HINGELESS ARCH RIBS. 

In the case of an arch rib in which the ends have no hinges 

but are firmly fixed in direction, we have the following conditions 

to satisfy. 

(a) Horizontal movement of end c = o 

(/^) Vertical movement of end c = o 

(c) Change of slope of end c = o 

These give rise to the following equations : — 

(a) gives from equation 3^, p. 122 



c 



/ 



£j ds =^ o .\\a) 



A 



or, avoiding the calculus, if the ordinates are measured at 
equal short finite distances h s apart, 

Z ^\ = o (1/;) 



A 



EI 



(b) gives from equation ^b, p. 1 2 2 



c 

/ 



c 

EI ^^ = o (la) 



A 

or for finite elements 



' 4 M a- ... 

?Ei =° • ^''^ 

{c) Since the change of curvature of a beam is equal to 

^, and the change of curvature of a short arc ^ ^ is equal 

h 
to c- , where 5 6 is the angle turned through by the end, 

o S 

he = ^ J , and the total change of slope at any point will be 

equal to Z ^ • 

Since this must be zero at c we get 
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or in the notation of the calculus 



c 

/ 



El 



= o 



(j'^) 




Fig. 67. — Fixed or Hiiigeless Arch Bib6. 

Parabolic Arch Rib with Isolated Load.— If, as in 
the case of the parabolic two pinned arch, the section varies 

so that y = y- we shall get the following results for an isolated 

load P, Fig. 67, end bending moments being induced in a 
manner similar to that which occurs with ordinary beams with 
ends fixed or built-in. 

We now get the following equations : — 

V^ + Vc = P (4) 

By taking moments about the point a we shall get 

PaL - VcL - Hjc + Hj-, = o , (5) 

and equations {ia)to (3a) become 



1^ 

/ 
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My{/x = o 



M X dx = o 



o 



L 



/ 



M d X = o 



(6) 



(7) 



,(8) 



O 
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As we shall show later, the following results can be obtained 
from these equations : — 

V^= P(l - a)Ml + 2 a) (9) 

Vc= P(3 - 2a)a2 (10) 

H = ^^-^(i - a)2a2 (11) 

(10 a - 4) r . 

Va = ^ — (12) 

•^^ 15 a ^ ' 

(6 - 10 a) r . . 

^- = IS (X - a) (^3) 

These results can be tabulated in convenient form as 
follows : — 
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Fig. 67 is drawn for the case of a = '25. 
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Proof of Formulae. — As m the case of the two-pinned 
arch we will give the proof of the formulae. . 

Take first equation-^(8) : 

From A to n, Fig. 67, M = Va. :r - H (j - Ja) 

N to C, M = Va :x: - H (7 - >'a) - Y {x - a L) 

L L L 

.'. / ^dx = J V^, X dx - Ah {y - ^a) d x 

00 o 

L 



- fF(x ^ aL) dx 



a I. 



4 ^ 

As before y = yg (L x - ^2) 



" 'Sovir I y^xdx = — ^ — 



o 

L 



fll(y - y^)dx = - H^-^L + 







L2 V 2" ^"3 / 



2 



I. L 

Jv{x - aU)dx = \y{~ - aL:r')"] 

«L ttL 

P L2 , ' ^ P L2 ■ 

= — (l - 2 a + a^) = -- (1 - a) 

.■./m...5:^'-hl(Y-..)-^'^(-«)' 

d 

. •. Dividing through by — equation (8) becomes 

VaL - 2h(^^J'a) - PL(i - a)3 = o (14) 

Next take equation (7) : The values of M are as before, 
.-. we have 
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L L L 

Mxdx = Yp^x^dx - Ah (y - j^) xdx \ 



o O o 
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- I F (x - ah) xdx 



/ ^A x^ dx = 
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fF(x-^aL)xdx= [P (?^' - "-^^^')] 

_ p / y _ oL^ _ 08^3 ^3]L3 \ 

V 3 2 3 "*" 2 / 

f 2 - 3a + a^ j 
(l - «)2 (2 + a) 

.'. Mxdx = -^ — - H — --^ — ) 
J 3 V 3 2 / 

o 

P U 
- -3- (I - ay (2 + „) 

L2 

. •. Equation (7) becomes, dividing through by - 

•V^L - H (r - 3/A^ - ?^^- (i - „)2 (2 + „) = o ... (15) 
Finally take equation (6), using the same values of M : 

L L L 

I My d X = I Yx xy d x - I H (v - yn) y d x 



00 o 



L 

- J V {x - alJ)y d x 



a I- 
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L L , 

Av xydx = fYA^(Lx - x^)xdx 



o 






12 

L L 



y^HCy - J'a)>'<^* =Jn.y^dx - J-H.y^.ydx 
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L 



ist term = H / -j-j {Ux^ - il^x^ + x^) dx 

o 

16 r^H/U 2U L^ 



8r^HL 

L 



(T--T + 7) 



and term = I Hyj^j^ (Lx - x^) d x 



o 



3 

L L L 

I V {x - ala) ydx = I V xydx - I V ahydx 

L L 

= vJ±r(Lx - x^)xdx - FaLj'±^(Lx - x^)d: 

aL aL 

^ L2 L 3 4 J L2 L 2 3 J 

'* L« \ 3 4 3 4 J 

Pr.aL f L» L« c?U o»L»\ 



Hingeless Parabolic Arch Rib. 165 



I" 3 4 6 3 3j 



VrU 

= 4 



rL2 ( 1 
^ I - 2a + 2 a^ - a* h 



= ^ (1 - af (I + a) 
•'. Collecting together, we get r 



1 



3 15 3 

p •. 72 

- — ^ (i - a)« (1 + a) 



rL 
Dividing through by — , equation (6) becomes : 

- PL(l - af{l + a) = O (16) 

Subtract equation (15) from (14) and we get : 

h(^-^)= +"-PL(l -ay (17) 

Subtract equation (16) from (15), thus getting : 

h(^--^) = ^(i + 2«)PLHi - «)^ ...(18) 
Divide (17) by (18), then : 

r yk 

"3 " T _ I • 

ir .n ~ 2 a + I 
5 2 

.-. --^-(20 + I - i) = -^^ - (2a + i) 

gr-ioar-$r 

- "-^'^ = rs 

(loa - 4)r . ,. / \ 

yj^ =- - asm equation (12) 
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Now put this value in equation (17), then 



H / r _ (5 « - g ) ^ 
I 3 15 « 



a 



, = -PL(l - a)2 
2 



>)^ 



+ I 



... Hr|5a - 5a + 2) 2Hr^ ap^/j _ ,^ 

„ 15(1 - a)2a2PL . . , , 

. . 11 = 7 as in equation (11) 

Put these results in equation (16) and we get : 
= P L (. - ., (li^ (C 

= PL(i - a)2(i + 2a) 
Y^ = P(I - ay^(i + 2«) (9> 

.-. Vc = P - V^ = P(3 - 2a)a^ (lO> 

Finally a substitution in equation (5) gives : 

(6 - 10 a) r 

y^ = 15 (I - a) 

Reaction Locus for Hingeless Parabolic Arch Rib. — 
We can obtain the reactions in the present case of the hingeless 
parabolic arch by a similar construction to that which we used for 
the arch with the two hinges ; in the present case, however, we 
require two curves instead of one. 

The intersection of the reactions will be along a straight line 
of height ^ = 1-2 r (Fig. 68) and the reactions will be tangential 
to the line m n q. This can be seen from Fig. 67, from which 
we get : 

h - y^ Va P (i - a)^(i + 2 a) 4^(1 + 2 a) 



(i - af a2 

4 r ^ / 



aL H 15 I*L / w o 15 La^ 

4r 

* IS" 
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16;^ 



4^(1 + 2 a) 

15 a -^^ 

_ 4 r (i + 2 g) -H (10 g - 4) r 

15 g 

r (4 + 8 g + 10 g - 4) 

15 a 
iSar 



I5« 



= 1*2 r 



\ ■'■■.\ ■> 



■ ; ■ V ■ '•■'' 

■ <. '. V 
' I. 




Fig. 68. — Reaction Loci fw Hingeless Parabolic Arch, 



The line m n q can be drawn by taking from the table on 

p. 161 the values oi y\ and yc for values of a from o to '5, then 

by drawing in the reactions at each point we shall be able to draw 

in the required curve, which is the * envelope ' of the reactions. 

This curve is sometimes taken as two hyperbolas, the height at the^ 

2 r 
centre being — . 

* Hingeless Circular Arch Rib. — In dealing with the 
Kingeless circular arch rib, the equations become too trouble- 
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some for simplification into general formulae. Formulas will be 
found *in Green's Theory of Arches^ which can be solved when 
particular values for the angles are inserted In the case of a 
semicircular arch rib with fixed ends and a load at the crown, 
the formulse'^become simple and can be deduced as follows : — 
The equations to be satisfied are 

c 

[lUds = o (i) 



c 

/ M.y d s = 

A 

C 

fux 



ds = o 




(») 



(3) 



Fig, 69. — Hingele88 SeinicirctUar Arch. 



Considering a point j, Fig. 69, we see that from symmetry 

p 
-^A = J^c = Ji ; Va = Vo = - ; and that 



Jl _ R 

Va " (>^ - ^1) 



.-. H 



PR_ 

2 (h - y^) 



(4) 
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P X 

Bending moment at j = Mj = — - H (jp -y-^ 

(i - sin y) - ^ ^^ _ y^ (Rcos y - Ji) 



2 
PR 



{,.-..,)-(5^2_^)} « 



c c 

From (1) [nLds = o = R Z^M^/y 



A 



r A 

and since from symmetry j M.ds = I Mds, we have 



c 
o 



/ M dy = o 



2 

o 



2 

O 

r , R sin y - r, y "1 
/.<f. y + cos y - —^ rLLZ I ^ ^ 



IT 

2 



^ (tt - 2) + 2>'i = 2R (6) 

o 

Similarly from equation {2) I Mj'd y = o 



TT 
2 



O 



/"PR r .V (Rcosy - Ji) I ^ 

;.<?. / — I I - sm y) - - -jr _ , -^^M Rcosy //y = o 



2 
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o 



i.e. j{ cosy - cosysin-y _(R50s^y-J'tCPSy)|^^ ^ ^ 



2 



. r. C0S2y /R(2 + ^in2yX .^ |il 

L- 4 * - Vi J J 

,,r,-i-{MJ-)--'>_i-) = o 

L 4 /I - jj .. 4 J 

// IN TT R 

- + - ^ = 

224 

2/1 + 2Ji = ttR (7) 

Since we have only two unknowns, h and y^y we need not 
consider equation (3), because from symmetry j'^ = i\,. 
From equation (6) and (7) we get 

^ - R.'' "-^ = I-33R W 

4 - T 

R . (4 + 2 TT - TT-) ^ , . 

^^-—%-.) -=-*4R (9) 

Deflections in Arch Ribs. — We have seen that the 
vertical deflection of an arch rib due to bending is given by 
the formula 

r M xds y . 

'1 = 7 ~Eir ^'> 

M X d X , . . , V 

E J— (approx.) (2) 






J 



^o 



Now the deflection at each end is zero, so imagine that 
the span is divided into a number of segments and that the 
bending moment M at each section is treated as a load on a 
beam of the same span of the arch, then if M be considered as 
an imaginary load, the ordinate of the B.M. diagram drawn with 
a polar distance equal to E lo will give the deflections at 
each point. 
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Thus the deflections in the arch due to bending will be tJu same 
as in a beam of the same span and section of the arch subjected to 
the same bending moments as the arch. 

Deflection due to Thrust, — ^^In addition to the deflection due to 
bending there will be a deflection due to the deformation caused 
by the direct thrust. 

This thrust deflection at any point whose ordinate is y is 
approximately given by tt 

''■-' = EA •••• ••••• • ■•••<3) 

Comparative Results for two-pinned three-pinned, 
and built-in Arches. — In a very thorough investigation of 
the stresses of arches* Mr. Atcherley and Prof. Karl Pearson 
have made comparative calculations for a circular arch of 108 
metres span and 6 "5 metres rise, these being the approximate 
dimensions of the Pont Alexandre II L in Paris. 

The assumed loading was a dead load of i ton per metre run 
over the whole span and a live load of \ ton per metre run from 
one abutment to the centre. The assumed section was of I form 
with A = 63, I = 12,660, depth = 31, all in inch units. 
The following is a summary of the results obtained : — 



Horizontal thrust (tons) 

Temperature thrust for 
40" C. variation (tons) 

Maximum stress (tons 
per sq. in.), exclud- 
ing temperature 

Maximum deflection in 

V^Illds ••• «•• ••• 



Two 
Hinges. 



277 



Three 
Hinges. 



280 



2 42 



9-28 



34 



93 1 1 



^5-6 ; 



No 
Hinges. 



272 



14 



1076 
(terminal) 

7*54 . 
(intermediate) 



2o- 



; 



;! * "^ 



* The Graphics of Metal Arches (Drapers' Company Research Vfeiirioirs,' 
Dalau & Co., London). 



CHAPTER IX. 



STRESSES IN PORTALS AND WIND BRACINGS. 

PORTALS. 

Portals of various forms are found very commonly in bridge- 
work and in steel skeleton and reinforced concrete constructions 
for buildings, and are used most commonly to resist horizontal 
forces, principally those caused by wind. 

A portal consists of two parallel members a e, b f, Fig. 70, 
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Fig, 70. 



which are usually vertical and form the columns in buildings, 
connected at one end by a member e d f c, which may be a solid 
girder or may be of framed form as in Figs. 79 and 80. 

The stresses in such a structure are not statically determinate, 
and are affected by the relative stiffness of the members com- 
posing it and by the manner in which the ends of the columns 
are fixed. 
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We know that the reactions R^ and Rb must intersect at a 
point G upon the line of action of the resultant horizontal force P, 
which is commonly the only force considered. We can also 
establish the following equations by taking moments about a and 
B and equating the horizontal components of Ra and Rb to the 
force P. 

Vb = ?^ (I) 

Va = ^-^ = - Vb (a) 

Ha + Hb = P (3) 

The relative proportions of Ha and Hb depend upon the 
relative stiffnesses of the two columns and the compressibility and 
rigidity of the cross-beam as well as upon the methods of fixing. 



SOLID GIRDER PORTALS. 

We will take various cases that may arise. 

Cross-beam Stiff and Incompressible and rigidly 
connected to the columns. 

(a) Columns Pin-jointed at Ends. — i. Columns of same 
Length and Stiffness ; Single Force Pat Top, — In this case, Fig. 71, 
the columns are pin-jointed at a, and as they are exactly similar 
each column bends in exactly the same manner ; since, therefore, 
the cross-beam is incompressible, it follows that each column 
must deflect by the same amount* and therefore that 

Hb = ? = H, (4) 

The columns act as cantilevers loaded at their etids, and so 
their B.M., Shear, and Thrust diagrams for the right-hand are as 
shown in the diagrams; those for the left-hand column will be 
the same, except that the thrust will be negative. Considering 
the cross-beam, we see that as the connection with the columns is 
xigid, bending moments will be induced in it as shown in the 
figure, e and h being nearly equal 
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( 2 ) Columns of same Lengths and Stiffness; uniformly distributed 
Load on one Column, — Fig. 72 shows the forces acting in this case, 
^ince the cross-beam is rigid, we may regard the columns as 
cantilevers ; the column b c carries a load Hb at the free end, 



s 



tm Bi 



m 



ihrusT 



Shear 



»^ u^__-^ r 



Dhqnam for Cross Beam 





1 ^ 



BJ^. Shear Thrust, 
Dicfqram ror Column 



Fig. lU 



and the column a d carries a load H v at the end and a uniformly 
distributed load in a direction reverse to H^i these cantilevers 
.must have deflections ^d, h^ which are equal since the cross-beam 
is incompressible. From the usual formulae for deflections of 
icantilevers we get 

3^1 



K = 



^D = 



8 EI 



(5) 



(6) 



I is the same in each case, because 
columns to be of the same stiffness. 
Since he = ^i, 
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have assumed the 



^^-^.nnTTfffl] ^ 



JL^ 







We also have as before H^ + H,, = P . 



•■ (9> 
.(,0) 
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The shear and B.M. diagrams for b c and a d then come^as 
shown in Fig. 72. Those for b c will be followed without further 
explanation; the maximum B.M. in ad will occur at the point 

of zero shear which occurs at a distance of — -^ from A, so that 

16 

taking moments about this point we get 

M_ tr II ^ P II ^ II ^ 
mux — ' "a • ■ -7" ~ — • — 7~ • 

16 e 16 32 

121 P^ . z: r» / \ 

= -yr^ = ^36P^ (12) 

The thrust diagrams for b'c and a d will be the same except 
that they are reversed in sign. 

The B.M., Shear, and Thrust diagrams for d c come as 
shown. 

(3) Columns 0/ same Length and Stiffness; isolated Force^ J* on 
Column between Top and Bottom. — This case seldom arises in 
practice, but may be considered here as one of the possible 
conditions. 

By similar reasoning to that in the previous case, we have, 

1** 73* 

3EI 3ET 3 EI ^ ^' 

. . H, - Hb = P( jy {14) 

or if X = a / 

(H^ - Hb> = P«* (15) 

We also have as before 

H, -^ Hb = P 

.. H, = ^^'-t_«'^ M6> 

H. = !^ilf^ ,.r> 



Tbe &M^ Shear, and Thrust duigruos then come as shown in 
one ppuF^ 
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which P aces al the itiid-point of a e, i.e., 



l llllllllllllllllll ^- 






-.mTTTTI kg^^ 




The maxtinum B.Ms, in the cross-heant then come equal to 
7 Pe - Pf 

j-^ and - J ^ respectively at the right and ieft side. 

(4) Columns of different Lengths and Stiffness. — We will 
consider only the case of the load at the tO]) ; the same method 
is applicable to the other cases. 



The Theory and Design of S/ructure 



Let I^, I„ be' the moments of inertia of the two columns. 
3lil/ 



and that of ad 



Then delleciion of column bc. Fig. 74, 
■= — p * - so that since these deflections must be equal we get 

k'U w 

As a rough approximation, which amounts to an assumption of 




equal loads upon the colum 
take ,-* = \, so that ^ 






V 



;, and the use of Euler's forn 
■ should then get tt- = '■ 



(b) Columns ti:{ed at Ends. — (i) Columns of same Length 
and Stiffness ; Siri-k Fora P at Top. In thi; case we get from 
symmetry the points g, j of contraflexure of the columns at their 
mid points. Fig. 75. The curves of B.M., Shear, and Thrust then 
come as shown in the figure, and will be followed without further 
explanation. It will be clear that the present case is exactly 
similar to the corresponding one with hinged ends, the columns 
being cf half their previous length. 
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(2) Columns of same Length and Stiffness ; uniformly distributed 
Load on one Column. —As in the previous case, the point of inflexion 
of the column b c must from symmetry be half-way up the 
columns (Fig. 76). 



fl'ft-fl 




f%. 75. 



The deflection of j c can be found by considering the B.M. 
diagram and applying Mohr's Theorem. The area of each \ is 

— g— , so that, taking moments about the point C, we get : 



EI . 



Hb 



H«f3 



..(19) 
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From a consideration of the dotted line in the B.M. diagram 
it will be seen that the two As may be regarded as the difference 
between the usual A for a cantilever, with B the free end and a 
rectangle of height Mr, the bending moment at b, the area of 
which will act at half depth. 

.-. We may write EI (\ = (20) 

Coming to the column a d, the point of inflexion will not be 
at half depth, since the loading is not symmetrical. 

Using the rule we have just investigated of treating the column 
as a cantilever with a constant moment in addition to that due to 
the load, we have 

E^ • ^''> = 3 - "8" - 2 ("') 

And putting in (19) H,,. = P - H^ and equating to (21) 
we get 

( P - HJ H, P M^ 

= — - J - ^ — (22) 

•12 3 82^ ^ ' 

We have next to determine the value of M v This is obtained 
by remembering that the slope at the end d is zero since the 
cross-beam is rigid, and that we have, therefore, the same con- 
dition to satisfy as in the case of fixed or built-in beams, viz., 
that the total area of the B.M. diagram must be zero. Now 
this B.M. diagram will be made up of a A of height H^ e at d 

H ^2 Ye 

and area ^ ' ; of a parabola of height - — at d and 

I P €- 

area - . and a rectangle of height - M^ and area 

- M^ . ^. 

.'. we have - - Mv^ = o (23) 

232 ^ ^' 

Ha . ^ P^ 
or Ma = 2 " T ^^^^ 

Putting this into (22) we get : 



^P P 

Hv = ^V, Hr = ^ (25) 

4 4 
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..(26) 



Now let us determine the distance _r of the point of inflexion 
from the base. 




Fin. ''«■ 

At a distanct' )' from a the B.M. is given by 
P 
Mj. = M, - H, . V + - . 

24 4 I.- 

The solution of this quadratic gives " = -368 
The B.M. at the end u is given by : 

Md - Ml - H,, . £ + / 
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_ 5 Pd _ 3?^ Ye 
24 4 2 

= -^^ (38) 

24 

The B.M. diagrams then came as shown in Fig. 76. To get 
the values of Vg or V^ we take moments about, say, g. 

Then (P - ^) X g - -368 .) = Vb . / 

-099 P e 
i,e. Vb = -^ — (29) 

*Cross-beam not Ri(;iD. 

If the cross-beam is not rigid, the slope of the cross-beam 
at the ends has to be considered, and the slope of the columns 
at the connections to the cross-beam must be the same as the 
slope at the ends of the cross-beam if the connections are rigid. 
We will restrict our considerations to columns of equal length 
and stiffness. 

{a) Columns Pin-jointed at their Ends. — (i) Single 
Load at Top. — The B.M., Shear, and Thrust diagrams in this case 
will be the same as in the corresponding case with the rigid 
cross-beam, Fig. 71. The deflections of the columns will, how- 
ever, be increased by amounts tan 0c • ^ ^^^ tan Od . ^, which 
will in this case from symmetry be equal. 

If Ib is the moment of inertia of the cross-beam, we can get a 
value of the end slopes by a consideration of Mohr's imaginary 
cable such as is employed in obtaining the proof of the Theorem 
of Three Moments, we shall then get 

- M,^^ 2 Mb /- * 
6 ~ 6 



E Ib / tan 6^c = 



* See A^ p. 252. We there prove : 

L I /j tan = Si Ji - — ^-' - g 

In the present case Sj = o because there is no transverse load on the beam, 
and to get this into our present form put I = Ib, /j = /, Ma = Mc and 
Mb = Md. a similar equation with reverse signs will result if we take 
moments about the other support and applies equally well to the present case 
of a beam with ends partly fixed as in the case of part of a continuous beam. 
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i,e. tan 6c = 5 E 1 ^^ "*" ^ ^^ 

I . , 

similarly tan ^n = . vr-r- (Mc + 2 Md{ 



(30) 



Ve 



In our present case 6c = 6d and M^ = — , Md = - — 

2 z 



.•. tan Be = tan flc = 



^-r.v.-.^ 



12EI,, 



(31) 







F/^. 77. 

We reverse the signs which would be given by the abovei 
equations, because in this case we reckon 6c and 6d as positive, 
whereas in the above treatment they would be taken as negative. 
If, therefore, I is the moment of inertia of each column we get : 



P^^ 



P e^ I 



^c - O) - 6 EI ^ 12EI,, 



6 E 



e J \ 
I ^ 2 I„ 



(32) 



Professor Morley* has suggested a simplification of this and 
subsequent similar formulae by writing " -7- - = some coefficient, 



Morley 's V^keoy of Sfntetures (Longmans). 
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say s ; s gives a kind of relative stiffness of the cross-beam and 
column and we will call it the stiffness coefficient. 



Then 



^c = ^D = 



6EI 



I + 



2 S 



(33) 



(2) Uniformly distributed Load. — In this case the slopes 

will not be the same at each end because the loading on each 

column is not symmetrical. 

Ye 
Referring to Fig. 72, we have Mc = Hg . ^ and Mi> = - 

- H , . e = ^^ - (P - Hb)^ = ^(Hb - \ 

.'. From equation (30), reversing the signs for the reason 
previously explained, 



tan Oc = 6 e'i„ < ">' 



+ 2H, 



= i.E^I-(^"»-P) 



tan fl„ = ^ ^''j (H„ + 2-H„ - P) 
- 6"e'i (3 H„ - P) 



3iil 8 

Equating these two deflections we get 



Hb 



2 r 



te- 



> \ 



+ 



3i^I EIb 



- P J 



= F 



+ 



IjlA 



t3 E I 8 E I ^ 4 E IbJ 



e" 
Dividing through by , and simplifying, this gives 









S^ 




/ 


H„ = 


r 


X 


24 1 
2 ^ 


+ 


4 Ik 

/ 








3I 


+ 


In 



(34) 



(35) 



H e* 

• '• ^c = "i- T + ^ tan 6a 
3 EI *' 

= 3EI+i2EIb(^«"-^> - 

(P - Hb)^' P^^ /.^' 

^D = . .> T - " K I - d^Ei; (3 "» - P)- -(37) 



(36) 
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(37«V 



(38) 



Se 6/ 

_ P I + Ib 

- 8^26-3/ 

I ^ I« 
We may simplify this as before, thus getting 

"" - 8 ^ (2.. + 3) 

When the stiffness coefficient s is very large this gives 

c p 
H„ = —r^ the value that we obtained on page 175, and when 

s is negligibly small, i.e.^ the cross-beam has practically no 

P 
rigidity compared with that of the columns, we get Hb = -. 

4 

(3) Isolated Force P on Column between Top and 
Bottom, — Referring to Fig. 73, we shall have in this case 

Mc = Hb . ^ 

Md = P . x - Ha . ^ 

= ^ (a P - P + Hb) 



= e |Hb - P(i - a)i 



(39) 



.*. tan Q 



le \ , 1 

c = g-£7^ |Hb - P (i - a) + 2 Hbj- 



le 



6EI 



B 



3H„ - P(i - «) 



(40) 



- le \ \ 

tan Od = g-g^j I H„ + 2 H„ - 2 F (i - a) V 



- le 
6 E 1„ 



3 H„ - 2 P (i - «) 



(41) 



H e^ e- I ( 

^^ = 3EI + 6ETb\3"» - ^(' 



"> 



*„ = 



(P - Hb) e^ P a=* ^' e'- 1 



3EI 



3 E I 6 E J„ 



(42) 



3Hb - 2P(i - a) (43) 
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Equating these we get : 



H 



B 



2 r 



+ 



e^1\ _ 



H« = 



(i - a^)e^ ^(i r «)^V1 
3EI "^ 2EIb 



((I - «=V (I - 

I " 3 



V!} 



B 



2 J 



+ I 



P 

- X 

2 



J/ (I - a^). + 3 ( i - «)} ^^^^ 



2^+3 



If a = -, this gives 



H„ = 



X ( 4. in 

\2^ + 3/ 



(45) 



7^ 

r6' 



and, if ^ is 



_ P (7 -5+ 6) 

- 8 "" (2V +3) ■••• 

If J is very great this gives as before H^ 

P 

negligibly small, it gives Hb = 

(b) Columns fixed at Ends. — (i) Single Force P at 
Top. — In this case, as in the corresponding case with rigid cross- 
beams, the value of Hu and H^ must each, from symmetry, be 

W 

ecjual to — ' but the lack of rigidity of the cross-beam will alter 

the position of the point of contraflexure. In this case 



Mc = Hb (^ - r) -^ ^! {e - y) ; M,> = 



W 



(e - y) 



(VV 



And from equation (30) 

Again, considering the slope of the beam b c, we shall have 



(46) 



E I tan Oc = H^ \ey - 

This is obtained as follows : At distance z from b, 

M = Hb Cv - s) 



(47) 
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.-. E I tan « = fu dz - Hb 6'2 - -) + C 
Slope = o at B where s = o .'.0 = 

.-. E I tan 0^ = Hb r (j' ^ - ^) 1 



{) 



= H. {ey - ^) 

w 

.-. equating (46) and (47), and putting Hb = — we get 
6EI„V2 (^ -y\{ = 2ETb'- 2) 



/ 



/ 

'6 1b 


(e 


-y) = 


2 ey - 
2 1 


e^ 


^G 


+ 


6"1b/ " 


e ( c 


3 1b) 






y = 


e ( e 

1^ 


s'Ib) 
/ 
61b 








2e 

2 (3<^ 


^ I) 








(65 + 


I) 






= 


"^ "" (6, 


y + 1) 

s + i) 



(48) 

If s is very great, this gives as before j' = ,and if i" is negligibly 

small, we get as we should expect y = o^ i.e., there will be no 
point of contraflexure ; this corresponds to a hinged connection 
at B and c. f 

2. Uniformly distributed Load. — In this case we cannot 
assume as in the previous case that Hb and H^ are each equal 

W 
to 



1 88 



The Theory and Design of Structures, 



Referring to Figs. 76 and 78, we have from equation (30) 

/ 
tan «c = ^ ^ J (Md + 2 Mc) 



- / 



tan 6>D = 5 £ J (Mc + 2 Md) 
Now Mc = Hb . e - Mb 



(49) 




A^^-^-^s 



And - Md = 



Fig, 78. 
Ye 




- Ht. . ^ - M 



E It, tan 0c = 



g{3H„. 



^ 4- Ma - 2 Mb - 



Ye 



(50) 

}-(5i) 



- / 
E Ib tan Od = — 7- 



3 He . ^ + 2 Ma - Mb - P ^ 



(52) 



Now consider the slope of the columns. We get as before 
for the column b c 

Eltan^c = Mb . ^ - ^- (53) 

Then for the columns a d, noting that the slope at a is zero^ 



= m^e H _ 

2 1 



(54) 
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.-. Equating the values of tan ^q and tan f^x) from these 
equations we get 

.-, 6 5(m„ - H„0 = 3H„.^+ M., - 2Mb - P^ ••■(55) 

Similarly 

6 s (m,, + ""^ - ^'-^) = - (3 H„ . ^ + 2 M., - M„ - P«) ...(56) 

Finally consider the deflections at c and d which we will 
assume equal. Integrating again from the slopes, we get 

„,. Mb.^ H„^ 

EIoo = -- - g (57) 

^ ^ ^ M^ . ^^ (P - Hb) ^ P e^ 
EI^i>= 2 - 6 + . • ii 

= 2 ~ T' + 6 (58) 

Equating these deflections and dividing by e^ we get 

Mt - Mb _ Lf _ ^b^ 
2 "8 3 

P ^ 2 Hb e , , 

or M^ - M„ = — - —f- (59) 

Rearranging equations (55) and (56) we get 

- V e 

Mb (6 J + 2) - Ma = - + 3 Hb^ (i + s) 

- Mb + Ma (6 ^ + 2) = P ^ (i + 20) - 3 Hb f (i + s) 
Subtracting, we get 
(M., - Mb)(6j + 3) = l'^^ + 2 5') - 6Hb.^(i + ^)...(6o) 
Combining this with (59) we get : 

(6. + 3)C^ + ' ""0 = P.(f + 2 .) - 6 Hb.(i + s) 
H„(6 + 6. - AS - 2) = v(^^+ 23 -^^-^) 
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Hb(2.-4) = p(-' + ^) 



P 

If s is great, we get from this as before Hj, = — , and \i s is 

4 . 
3 P . . 

negligibly small, Hb = —7^ this again corresponding to the 

hinged connection at b and c. 

Putting this value of Hj, in the above equations we get from 

equation (59) 

^ ^ 4 12 (5 + 2) 

^ P^ J3 J + 6 - 2 J - 3| 
12 t ^,+2 J 

^ V_e{s^J) 
12 (j + 2) 

Pf(^ + 3) 
12 (i- + 2) 



Ma = Mb + 



Put this result in (55), then 
M3 (6 . + 3) - M« - ^^C t ') = " "^ ' + ^'^'-' ■" i ^'^ '^ 

^^ ' ^ \2\S-\-2) 2 8 i-+2 

Mb(6. + I) = ^'l^' "^ 6 - ia(. + 2) + 9(2. + 3)(^_+„i)| 

^ P ^ (18 S^ + 35 ^ + 9) 
24 (f + 2) 

. 1^ P^(i8 52 + 35^ + 9) 

'•^- ^^' 24 (6.+ i)(. + 2) (6^) 

•• ^^-24 (65+i)(f+2) (^3) 

From equation (49) 

. M _P«(2^ + 3) Pf(l8x2 + 35^ + g) 

•• "*« - '8 (5+2) 24 (65 + i)(x + 2) 
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^P^r3(2i- + 3)(6j+ i) - (18^24. 35 ^ + ^)j 
24 (6 J + i) \s + 2) 

_ P^ ^(i8j- + 25)_ 

24 (65 + i) (s H- 2) ^ -^^ 

From equation (50) 

_ M __ P_^ _ Pf (2 i- + 3) _ P ^ (30 s^ + 73 -^^ J5) 
^^ " "2 8 (x~+ 2) 24 (67+"i)(^ + 2) 

^ P^ [i2 (6j+ i)(5+ 2)-3(2x + 3)(6i:+i)-(3o>y'-^ + 73'y+i5)] 
~ 24 (6 J + i) (j + 2) 

P(? j(6^ + 23) 
~ 24 (6x + i)(;f + 2) ^^5; 

Usual Rules for Design. — We have seen in the fore- 
going treatment that several of the cases lead to a complicated 
analysis, and in dealing with cases of multiple portals consisting 
of portals arranged one above the other, or one after the other, 
the analysis becomes more complicated still. When it is remem- 
bered that in practice we shall seldom get the perfect rigidity of 
the joints that we have assumed, it will be seen that the following 
simpler treatment for purposes of design will probably be the 
most suitable : — » 

{a) Columns hinged at their Bases, — Take each column as 
resisting equally the total horizontal force, />., divide the total 
horizontal force by the number of columns, and consider this 
force as acting at the base of the columns. 

(p) Columns fixed at their Bases, — Take the point of inflexion 
of each column at the mid point, i.e., divide up the total hori- 
zontal force as in case {a) above, and consider it as acting half- 
way up the column. 

FRAMED PORTALS. 

In the case of framed portals, the values of the horizontal 
reactions of the columns may be found as in the previous 
treatment, and are usually taken in practice as suggested above. 
The stresses in the bracing can then be found by means of the 
reciprocal figure construction ; additional bracing, indicated in 
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dotted lines in Figs. 79 and 80, being assumed to enable the 
diagrams to be drawn. This additional bracing does not alter the 




Rxiproeal FioufK 
Fig, 78. — Fi-aiiied Portaln. 

stresses in the remaining bars of the frame, but serves to replace 
ihe beam action of the columns by an equivalent trass action. 
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Ends of Columns Pin-jointed (Fig. 79). — In this case we 

assume each horizontal component of the reactions to be equal to 

P 

- ; the two reactions will then intersect at the mid point of the 




•hrCawnn 



Sh&ar Olagrom 
for Column 



o.e 




Rccil:>rocal Figure 



Fig. 80. — Framed PorUtfs. 



top of the portal. Then setting out 4, i to represent the force P, 
and drawing parallels to a g and g b, we get the point o 
upon the reciprocal figure, and the reciprocal figure can then be 
drawn without difficulty, the bars shown in thick lines being in 

o 
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compression. Instead of drawing parallels to rhe reactions we 

Yh 
might set up ^o = — * The B.M. and shear diagrams then 

come as shown in the figure. 

Ends of Columns Fixed (Fig. 80) — In this case the 
procedure is practically the same as in the previous case, but the 
points of inflexion, through which the reactions are taken as 
acting, are taken as mid way between the column bases and the 
cross bracing, as shown. The reciprocal figure is then drawn 
without difficulty, and it will be noted that the stresses in the 
bars c d, c' d', and the horizontal cross brace are zero. 

*Point of Inflexion of Fixed Columns with Framed 
Portals. — In the above treatment we have taken the point of 

inflexion as half-way up the unsupported 
portion of the column. Although most 
designers consider this sufficiently accu- 
rate for practical purposes, the point of 
inflexion can be investigated more accu- 
rately as follows. 

We assume that the cross bracing is 
sufficiently rigid to maintain the cross 
frame horizontal, />., the points b, c,. 
Fig. 81, will remain on the same vertical 
line, so that they will have the same 
deflection. 

There will be a resultant force Q at 
c (/>., the difference between the force P 
and the stress in the bracing) and a force 
R at B. 

Treating these as the forces on a canti- 
lever, we have for any point e between b 
and the fixed end, where h is the deflection. 

"^'^ = Q(/^ - 0) - R(. - ^) (i) 




M 



E 



EI 



d z" 



Integrating once we get 



E 



■f: = Q(--f)-K"-r) 



(^> 
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Integrating again we get for b 

-*.-IqC-^-d-Kv-?)]: 
=i{Q(-5)-(<-i)}. <^> 

Between b and c 

M = E I Jp = Q (/J - 2;) 

El j-^=JUdz = Q Az - j + C (4) 

when z = ey this must give the same result as equation (2). 

.-. C = - 

2 

.*. integrating (4) again we get 

EI.^ = q(— -^)-. -^ -+ C, (5) 

when z = ey this must agree with (3) 

•••?H^-5)-(S}'=iM-s)-^}-. 

n _ 

Putting this into our equation for the deflection at the point 
c we shall get 

Since the deflections at b and c are equal we have 



e^ 



H-0 -"<(")}= %^"(- 3) -¥(-i) 
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. Q_ _3^(^_-^) ie^{h-e)_ 

" R {2h^- sKe'+e^) ~ (/i - e){2h^ -\- 2he - >) 

Now by moments about the point of contraflexure, we have 
Q{A - y) = Rie - r) 

■■ K-{h-y) 



(8) 



e - y 3 €' 

h - y ~ 2 h- •\- 2 he - e^ 

.-. y{2h^ + 2he - e^ - ^e^) = e {2 h^ + ehe'^) - 3^2^ 

v(2^2 ^yh\e - 4 (?•-') = e{2h^ ■\- eh - e^ 

e_ / 2 h' + eh - e^ ' 
' ~ 2\ h'^ + he - 2 e^, 

e {2 h ■\- e) {h - e) 
^ 2 (h + 2^) (7/ - e) 

e {2 h + e) 
~ 2 (h + 2 ^) 

^ h ^ 

For . = ^,^ = -. 

2 h 4e 

e = y = 

e = h (the extreme case), y = - 

We see therefore that for the relations between e and h that 

eg c 
are likely to arise in practice, y lies between ~- and -» so that the 

value jF = - is never seriously in error. 

Knee-braced Portals. — In the knee-braced portal the 
cross-beam ef (Fig. 82) is considered as pin-jointed at e and f, 
and braces d k c l are provided to give lateral rigidity. 

Ends Pin-jointed. — If the columns are of equal length and 
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rigidity, each horizontal reaction will be equal to - for a load 

P at e; for other cases this is approximately correct and is 
usually assumed in design although a nearer approximation will 
be obtained by taking the values of H^ and Hb as previously 
obtained for a rigid cross-beam with rigid connection. 






?(■* 



.An. 



lift 



Thruat 



f^-it) imn 



1^ 



^-tl^lflK 



^W^ 



B.M. 




Fig. 82. — Knee-braced Portals. 



The B.M.,&c., diagrams for the columns up to d and c come as 
shown in Fig. 82 and will be followed without further explanation. 
We will next consider the stresses in the braces. The 
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horizontal component of the tension in k d must be equal, by 

XT L 

moments about e to - ^>* — 

o 

'' J = ^k ' cosec (tension) 

= H.. \, ^^^ (X) 

o a 



Y h J d^ ^ b'' 
= — . — ^ ; on our assumption 

2 ab 

Similarly f = H^ . ^V^^ + ^' (compression) 
CL f^ b 

= -/. 



on our assumption 



K D 



Next consider the shear, thrust, and B.M. upon the cross- 
beam, which is strictly a continuous beam of three spans. 
Now the force in f c will be 

y^=: Vb - y. cos6> 

FC CL 



X 



/ 2 • ab Jd^ + b'^ 

h h 



\l 2 a) 



( k h\ 
= ~P( — ~ ih compression 

"■■ ^ (;^ - 7) '^"^'°" (^> 

This will be the downward reaction at f on the cross-beam, 
so that the B.M. at l will be equal to 

Ml = Rf X a = - Yh (~ - ^) (3) 

Similarly Mk= +P>^(^ -7) 

The B.M. will vary uniformly between l and k, so that we 
get the complete B.M. diagram as shown. 



r 
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Next consider the shear on the cross-beam. 
From F to L the shear will be equal to Ry, 

{ h h\ 
U = -PI 7 ) 

From L to K the shear will be equal to 

- Rp + / cos e = Vb = — 

LC 

From K to E the shear will be equal to 



- Rp H- /cos - /^cos b = 



= - R, 



I, c nK 



The complete shear diagram comes therefore as shown. 
Finally consider the thrust in e f. 

= - — T — (by moments about c) 

FL 

Ve 



Thrust in K L = - — 7 + /"sin Q 



2b 

P^ 
2~b 



LC 

Ye YA 
2 b 2 b 

K L 

V f h - e\ P 



=/=- 



2 \ o J 2 
Thrust in K E = /*+ /sin Q 

K L D K 

P V h 

= - + — A 
2 2 

P / h 

= -2V ^b 

The complete thrust diagram then comes as shown. 

Flexible Braces, — If the braces are made of tie-bar section 
and are unable to carry compression stresses, the leeward or 
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right-hand brace l c, Fig. 83, will go out of action, and the 
structure becomes structurally determinate, and the whole hori- 
zontal reaction comes at the point a, />., H^ = P, Hb • = o. 



?i 



•^^i) 






?: 
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I I I I I I I I I I It? 






R.a 



-•Tff 



I 

b 

\ 



\ 
\ 



I 



ThrusT Shear B M. ^A 

Oiagmms nr Column A E 



r 



Ab sfjeoror B.Man 
Column B F" 



1 



Fig 83, — Knee-braced Portals. 



In this case the stress in the tie will have twice its previous 

= ^^ — and the B.M., shear, and thrust 

a o 



D 



diagrams come as shown in Fig. 83. 

Columns fixed at Ends. — In this case the usual assum{> 
tion is to take the points of inflexion at the mid points of a d 
and B c, and the stresses will be the same as in the previous case 
as if we measure the distance // and e to the points of inflexion 
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instead of to the bases. Greater accuracy for other cases may be 
found by using the results previously obtained for the different 
cases. 

* Portals with Vertical Loading on Cross-beam. — 
When cross-beams carry vertical loads and the connections with 
the columns are rigid, the columns become subjected to bending 
moments and deflect somewhat as indicated in Fig. 84, {a) repre- 
senting hinged bases and {b) indicating fixed bases. 



i 





(M 




Fig 84. 



The general procedure to find the thrust in this case is similar 
to that for rigid arches, and consists in equating to zero the 
deflection of one support with reference to another. 

Columns HINGED at Bases. — We showed on p. 122 that the 
horizontal deflection of the point b, Fig. 85, with reference to the 

B 

point A, is equal to / {! , ^ > ^^^ ^^^^ ^^ ^^ ^^ ^1 ^^^ bending. 

J K I 

A 

moment which would occur if the end b were free to move we 
get M = Mj - H ,y, 

') V d s 



.'. we get / Lj___^J 



= o 



J E I 



or H = 



(i) 



»ds' 



rfd 

I EI 
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This is the same formula as for the arch, and assuming that e is 
constant we may write 

B 

I ^ 



H = 



K 



fds 



r\ 



<i«) 




Fig, 85. — Pm^tals with Vertical Loading. 



The integrations in the present case have to be performed in 
three steps ; taking as before Ib as the moment of inertia of the 
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cross-beam and I as that of the columns (assumed as of the same 
section) we get 

B D C B 

/y^ds Ce^de . f e^ d x , fe^de 



A A D C 

(remembering that y represents vertical distances) 

B 
A 



B 

/y^ d s e^ e^ I e^ 
I 3 1 Ib 3 1 



-"'ff-E" <=> 



T V 3 "^ « I J 



Now for the columns, M^ = o 

B C 






D D 

C 



but (assuming Ib constant), I M^ d x = Sj, the area of the free 

D 

B.M. diagram for the cross-beam 



B 



/ ri ~ Ib 

e S| 

TT _ 1b _ Sj 



(4) 



1 (3 + s) 177 V3 + y 



«/(2J + 3) 



(5) 
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The B. M at the top of each column will then be equal to H <r 
and the B.M. diagram will be as shown in the figure. 

Isolated Load W, — In this case the free B.M. diagram is as 

shown in Fig. 85 and S^ ^ - . / . *. 

... H = W X j}""^' (6) 

x^N ab 
.*. Max. B.M. on column = H^ = ,/ v 

2/(21 -f- 3) 

Uniform Load. — In this case the free B.M. diagram is a 

2 
parabola and S^ = - 

/ 

(7> 



4(2 J + 3) 

Columns fixed at Ends. — In this case the analysis becomes 
much more complicated if we attempt to deal with it as an arch 
with fixed ends ; we therefore proceed as follows. 

Let Md and Mc be the * end bending moments ' on the cross- 
beams at D and c ; these will he equal to the bending moments at 
the ends of the columns. We can then equate the deflections at 
the points d and c. 

^ir I T- T c H ^^ Md e^ 
We then get E I ^^ = + — 



2 


/ . w / w /•-' 


3 


8 ~ 12 


H 


4^(2 J + 3) 


/-k*- 


w/ 

t f>-r\ 111 rv\ in 



3 2 

E I cSc = 



H ^ Mc e^ 



3 2 

4. H ^ 
If these are equal, Mq + Md = ^(i) 

Next consider the slopes of the columns at the tops. 
We have then 

Eltan^n = / M^s 



-/ 



o 
e 



A JMd - H(^ - 2)\dz + C 
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= Md . e - He^ -{- ^ +0, because slope 
= o when s = o 

= M^^ - " - (2) 

2 ' 

Similarly 

Eltan0c= - Mc^ + (3) 

.-. EI (tan 6^^ - tan^^c) = (M,> + Mc) ^ - He^ (4) 

i.e. E (tan 6jy - tan 6c) 

= "j'(from(i)) (5) 

Again consider the slopes at the ends of the cross beam ; we 
have as in the footnote on p. 182. 

Elu/tanOc = SiJi - ^ - ^ - (5a) 

Similarly E !« / tan 0^ = S, (/ - r^) - ^l^' - ^ ^f^' (6) 

Adding we get 

E Ib / (tan 6»o - tan »„) = Si / - ° - ^ (7) 

T- / .. /. X Sj (Md + Mc)/ ,,,v 

i.e. E(tan«c - tan f>i>) = t t W 

= r'- 'f/-^ [from (I)] (9) 

We now equate ,(5) and (9) and reverse signs; since the slopes 
of the beam and column are at 90° to each other we then get 

H^2 Si _^ 2 . H^/ 
31 *" Ib 3Ib 

He t /In . e 



i.e. 

3 



el ( l^ . e \ _ §1 
Ib V/. I ^ V " Ib 



le, H = —J/-—} X (10) 

e / {s -{- 2) ^ ' 

The values of Mq and Md can then be found from equations 
(i), (2), and (6), but it is rather better to substitute actual values 
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for a given case than to obtain the resulting rather complicated 

formulae. 

We then have 

M;, = Md - -Ae (ii) 

Mb = Mc - H^ (12) 

Symmetrical Loading. — In this case we get considerable 
simplification in the formulae because Mo = Mp. 

2 ¥L e — H ^ 
Then (t) gives Md = Mq = , so that M^. = Mb = 

.'. The point of contraflexure of the columns is at distance 

- from the bases. 
3 

2 / W / W /2 

Uniform Loading, — In this case S, = — . — „- = 

•^ ^ 3 8 12 

W/ 
/•• " =4^(^+ 2) •••-• (^3) 

W/ 

•'• M^ = Mc = 6 (^ ^ 2) (^4) 

W/ 

Ma = Mb = - ,7^^7) (15) 

/ ^ ab 
Isolated Load, — In this case Sj = - . — y~ 

Alsoji = , taking the load as nearer d than c*. 

.-. From (2) E tan %^ = -[ - -^ (17) 

/ V ^ ^ ^ cib (l+a). I ... -, V , Q. 

„ (5)E tan 0,, =-7- - ^TTJ^" aT^^^^^ + ^^c)--^'^) 

.-. (Md - H^)j = gY^I ^ -' -(Mi>+2Mo)|...(i9) 

.-. 6 J (Mi, - H ^) = — ^^2-^ - Md + 2 Mc (20) 

* See A, p. 207, and reverse b and <i. 
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In any numerical case we calculate H fir^t, and then put the 
various values of H, e^ a, b, /, s into (i) and (20), thus getting two 
equations, from which Mc and M^ can be obtained without much 
difficulty. 

Curves for Uniform Loading. — For uniform loading 
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Fig. 86. 



Fig. 86 gives the coefficients by which W / has to be multiplied to 
give the maximum bending moments upon the columns and the 
end bending moments for the cross-beam for various values of 
the stiffness coefficient s. It will be noted that for ^ = o, which, 
of course, corresponds to columns infinitely stiff compared with 
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the beam, we get for both methods of fixing a coefficient 

•08 -i = . This is the familiar result for a beam fixed hori- 
^ 12 

zontally at the ends. 

Applications to Reinforced Concrete Construction. 

— In ordinary steel frame construction for buildings it is usual to 
neglect the rigidity of the joints, so that the columns are not 
considered as subjected to bending moments, and the cross-beams 
are not considered as fixed at the ends. This is to some extent 
justified on the ground that in steelwork there is always some 
play in the joints. 

In reinforced concrete construction, however, the portals are 
monolithic, and the bending moments upon the columns should 
be considered as well as the reverse bending moments upon the 
cross-beams if cracks are to be avoided. We shall deal further 
with this under continuous portals, which we next consider. 

CONTINUOUS PORTALS. 

Sheds and like buildings often consist of a series of portals 
arranged one after the other somewhat as indicated in Fig. 87, 
and are called continuous portals. 

Horizontal Loading. — In this case it is usual to take the 
horizontal resistance of each column as equal. This would be 
true if all the columns are identically equal, and the load were 
applied at the top only, as shown in the figure. Therefore the 

P 

horizontal force at the base of each column = — where 71 is the 

n 

number of columns. For other cases we could proceed in the 

same general manner as in previous cases, but the analysis usually 

becomes too complicated for practical application. For fixed 

ends the points of contraflexure are taken at the mid depth, and 

so this case corresponds to that shown, the length of column 

being taken as - instead of e. 

Let G be the centroid of the group of columns ; then it is 
reasonable to suppose that the force on each column is propor- 
tional to the distance from the centroid. 
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Let u be the reaction at unit distaiice from the centroid : then 
Vj == « 0:1 ; Vg = « ^2 > V3 = « ATg ; V4 = « JC4 and so on, the 
reaction for the n^^ column being u x^ 



'm 




Fig. 87. — Cmvtimwus Portals. 



Now the moment about o of the reactions must be equal to 
the moment of P about g. 

i.e, u {x^^ + x^^ -}-... Xn^) = V A 

P// 



s.e, u = 



Sjc^ 



(i> 



From this the value of the various reactions can be found. 

Numerical Example. — A continuous portal of 5 spans each 
\% feet has a load of 2^00 lbs. applied at the top of the cross-beamy 
which is 2 feet deep, and the bottom of which is 20 feet from the 

ground. Taking each column as fixed at the ends, find the vertical 

force in each column and the maximum B.M, 

In this case ^ = 20 ft., and once the ends are fixed the effective 
length will be 10 ft. 

Now in this case n = 6. 

2500 
.*. H = -^ =417 lbs. nearly. 

.*. Max. B.M. on each column = 417 x 10 = 4170 ft. lbs. 
jTi = jTg = 45 ; jTg = ^5 = 27 ; jTa = ."4 = 9 
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.-. S:t« = 2 X 92(18 + 3* + 5^) 
= 2 X 81 X 35 

2500 X 22 « o „ 

••• « = 2 X 81 X 35 = ^'^^ *^^- 

.*. R, = - Ri = 45 X 882 = 397 lbs. 
R4 = - Ra = 27 X 882 = 238 lbs. 
Rj = - R3 = 9 X 882 = 79*3 lbs. 

It is interesting to note the similarity between the above 

/ M 
formula (i) and the ordinary bending formula " = ~j • In the 

latter case ~ is the stress at unit instance from the Neutral Axis 

y 

and corresponds to « ; S x^ represents the moment of inertia of 
the columns per square inch of section and P^ is the bending 
moment 

Vertical Loading ; Application to Reinforced Con- 
crete Construction. — The most important application of 
continuous portals with vertical loading occurs in reinforced 
concrete construction, in which the calculation of the bending 
moments upon the columns caused by the monolithic nature of 
the structures is of great importance, because the stresses resulting 
from these bending nloments are often considerably in excess of 
those due to the direct load. 

The analysis of the bendinjg moments becomes very trouble- 
some except for the cases where the spans are equal and the 
loading is uniformly distributed, but this is the case which occurs 
most frequently in practice. 

This subject is very carefully dealt with in Reinforced Concrete 
Design, by Faber and Bowie (Arnold), and for a full treatment 
the reader should consult this book; we will just give their 
approximate treatment of the case of two spans, one of which 
carries only the dead load Wg, Fig. 88, and the other of which 
carries a combined dead and live load Wj, this being one of the 
worst cases that can arise. 

Let ^i, 02> ^^'^ ^3 be the inclinations at the tops of the 
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columns, which will also be the slopes at the three supports of 
the cross-beam. 

The approximation consists in neglecting the bending resist- 
ance of the columns compared with the cross-beams, />, it 
consists in assuming that the slopes of the beam will be the same 




e Vi 



Fig, 88. — Contimunis Pw^tals toith Vertical Load. 



as if it just rested upon supports and that, the columns will not 
alter such slopes. 

Then we shall have 

EIb /tanOj =- Si>'i - — -^ 2_ 

o o 

In this case S, = — .J = — ^ — and r, = -, also M, = o 

38 12 2 

and M^ = ^ — ^ ^^ (from the Theorem of Three Moments) 

16 

... EI./tanfl, = ^ .(W^L'^ 

24 96 



- Etana 



, = (iW^j^^ (X) 

96 1b 
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Similarly ElB/tanOg = - i^^y^ - tM^ _ ^i^) 



24 48 

48 

.•.Eta„«,= -(^»^:^ (.) 

If the ends of the columns are hinged, it follows as in the 
recent examples that the B.M. diagrams for the columns 
will be the triangles with apices at the base. Treating the 
B.M. diagram as the load, the slope will be the corresponding 

shear : and since the centroid of the A acts at — 'from the 

3 

base, the imaginary reactions, which correspond to the end shears, 
will be twice as great at the top as at the bottom. 

Total imaginary load = 



«M« jr ^\J%A.\X 


. 2 




E I tan 6 


2 M ^ • 


M^ 


• 


3 2 


3 


i.e. M 


- ^-^ Etanfl 




e 




Ml 


_ 3 (3 W, - 
96 


- W2)/2.I 

Ib • ^ 


• 


_ (3W1 - 


W2)/ 




32 Ib. 


e 




/. I 






_ (3W1 - 
32 J 


w^)/ 






larlv Mo 


_ - (Wi - 


w,)/ 



(3) 



<*> 



M3 will be less than M] , and so need not be calculated. 
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WIND STRESSES IN TA!lL teUlLDINGS. 

In order to give lateral rigidity in skeleton frames for tall 
buildings, some form of lateral bracing is adopted ; the resulting 
frame is then a complicated kind of ^Oital, the accurate analysis 
of which would be practically impossible. 

We will give the usual method of calculation adopted in the 
case of sway bracing, Fig. 89; the siime calculations, as far as. 




Fig. S9.—8ivay Bmcinff. 



;.")- 



the effect upon th^ column load goes, apply to other forms' bf 

In the illustration it is assumed tn^t wind bracing te '<ihlf 
provided between the exterior columns and the next ones. 

The effect of the wind is tp decrease the load on the exterior 
or windward columns and to increase that on the interior or 
leeward ones. 
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At the line i, i, the decrease and increase in load in exterior 
and interior columns respectively is equal to 

At the line 2, 2 it is equal to 



V« = 



2 '•2 



/ 
and so on, the value at the base being 

The stresses in the diagonals will be given respectively by 

T = S sec tf 

where S is the shearing force in the bay under consideration. If 

all the bays are equal. />., Pg = 2 Pj, Pg = 3 Pj, and P4 = 4 Pj, 

we get 

_ P^ sec e 

^1 ~ 2 

p _APiSec0 

_ 5 P, sec 

•^ 2 

If instead of sway bracing we have knee bracing, or some 
other form of portal bra,cing, we can get the^ stresses in the 
manner dealt with for the -simple portals; the resultant forces 
being taken as P^, V^ P3, P^ respectively, and each column giving 
equal horizontal resistance. 

Knee bracing is, as a rule, not economical, because it causes 
heavy bending moments in the columns and cross-beatms. 
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CHAPTER X. 
SECONDARY STRESSES IN STRUCTURES. 

Within recent years considerable attention has been given to 
the consideration of * secondary stresses ; ' these may be defined 
as the additional stresses brought into play because the structures 
as actually erected do not agree with the theoretical forms upon 
which are based the formulae for the ordinary calculations. In 
framed girders, for instance, we always assume that the centre 
lines of the members intersect at the nodes and that the joints 
are hinged ; in riveted joints also we assume that the centre 
''^ line of the rivets always passes down the centroid line of the 
section. Any departure from these theoretical conditions — and 
such departures nearly always occur in practice — induce secondary 
stresses, which are in some cases just as severe as the ordinary or 
primary stresses. Our aim in design should be to eliminate these 
secondary stresses as much as possible ; when they cannot be 
eliminated wholly, we ought to allow for them in our calculations. 
Some authorities have urged that the actual stresses which occur 
will not be so great as the sum of the calculated primary and 
secondary stresses, and that therefore we might take some such 

rule as : effective stress = primary stress + - secondary stress. 

This contention is probably true in many cases since a slight 
*give* of the parts will reduce the secondary stresses ; the only 
satisfactory method of settling the problem is an exhaustive series 
of tests carried' out in a scientific manner such as those which 
Mr. Batho* has been making at McGill University, Toronto^ 
upon the stresses in angle and built-up sections. 

Secondary Stresses due to Eccentric Rivet Con- 
nections. — The commonest case of this kind is that of a X or 
L section used as a tie or strut in a framed structure. For most 

. ♦ Proceedings^, of the . Canadian Society of Civil Engineers, 1 9 1 2. 
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sizes in common use, the centre line of the section — /.^., that 
passing through the centroid — is too near to the flange for the 
centre of the rivet holes to be made to agree with it, the result 
being that such sections are almost invariably eccentrically loaded. 

Numerical l£.^ihyLVV.iL— Take, for a first example^ a 4!' x 4" x \" 
T-dar, Fig, ^^usedy say^ as the rafter of a roof truss. 

The centre line of the rivets connecting this bar to the other parts 
of* the structure is usually at a distance of 2$ in. from the flange. 

If the length of rafter between supports be taken as 6 ft. and we 
treat the ends as pin-jointed, then, according to the usual formulae 
— such, for instance, as those tabulated in Dorman, Long & to.'s 
Pocket Companion — the safe load on this bar is irr tons. Most 
designers would consider this section as quite satisfactory if the calcu- 
lated load were' not greater than this. 



^■feMr-s-i'^i-^j^if/ 



X-i^ 



f I 




\\ 



Fig. ^^-^Secondary Stresses in Bitjeted JovrUSi 

i ■■ ' ■ , 
Now, let us look at the properties of this section as given in. the 
standard tables. They are : 

Area A = 376 sq. in. 

Distance J to centroid = ri6 in. 

I X X = 5*40 
In the use of this bar, therefore, the load is transmitted at a distance 
= 2*25 - ri6 = I'OQin. out of centre. 

The betiding moment due to this is M = li'i x I'oig = 12*1 
inch tons. 

To a first approximation the compressive bending stress caused in 

this manner = ^= '^ ^ ^^ - ri6) ^ in x 2-84 

I 5*40 5-40 

= 6'4 tons per sq. in. approximately. 

.-. Total stress = ^ -h —^ = ^ + 64 = 20 + 6*4 

A I 376 

= 9.3 tons per sq. in. . 
This is considerably above the * safe ' figure. 
It will also be noted that the secondary stress of 6*4 tons per 
sq. in. is more than twice the primary stress ctf 3*9 tons per sq. in. 
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A more accurate fonnula for calculating the secondary stressy 
which allows for the additional eccentricity due to the deflecition pf 
the bar, is 

My I2'f X 284 



Stress* = . _ w/i = 



_ ii'i V 72 » 72 =t 6*9 tons per sq. in. 

■* ^ 10 X 1^,000 



10 E 

£ in this formula is, as usual, Young's Modulus. 

Eccentric Rivet Connections in Fi-amed Structures. 
— As we have previously indicated, secondary stresses often arise 
due to the fact that the centre lines of the members of a framed 
structure do not intersect at the nodes. In the case shown in 
Fig. 90a, for example, a bending moment equal to R x jv or P x x 
is caused by this fact. This bending moment will be distributed 
between the members making up the joint if the joint is rigid, 
and will be carried by the flexible members equally if it is not. 
A consideration of the slopes of the members such as we have 
already made for the cross-beams of portals shows that the 
bending moment for a rigid joint will be divided among the 

tnembers proportionately to the value of y for the members, where 
I is the moment of inertia and / their length. The calculation 

* This formula is known as Johnson's formula, and is obtained by adding 
to the original eceentricity the additional amount due to the deflection. It 
can be obtained as an approximate solution of the strut with a lateral load. 
ISeef for MWtiMice, Morley's Strength of Materials.'] A rather more accurate, 
but still approximate, formula for a strut with an eccentric load would be one 
with 8 instead of lo as the constant ; this can be deduced as follows : — 

Deflection of a beam with a uniform B.M. = $ = j-c^J andy= ^-— j then 

if X is the eccentricity 

_ Vf {x + i)y _ yfxy yffji 
I "" I ^ 8EI 



/ 



w^ 

8£I 

M lieing the bending moment neglecting the deflection. The riveted joint at 
, the ends of the strut will tend to diminish this when there is, as usual, more 

\ than one riVet. 



2l8 
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then follows quite simply, as iliustiated in the following numerical 
example : — 

N^MCEftiCAJ. Example.— Ttfi^^ the example in which P = 35Ax> 
and X = 7'S ///., the diagonals being at 90 degrees to each other. For 

the chord members take two angles^ tS* x 4" x ^ and for the diagonals 



n 



take two angles 4" x 3" x ^ i the lengths of the chord members being 
1 2 ft, and of the diagonal members %ft. 




Fig, 90a. — Secondary Stresses, 
We get the following values from the tables of standard sections': — 



6" x 4" X jj angle. I = 13*2. A = 3-61. 



It 



y =1-91. 

y = 1-24. 



4" X 3" X ^^ angle. I = 3*3>- A = 209. 

In this case M = 7*5 x 35,600 = 267,000 in lbs. 

I ■5*2 3"?r 
Dividing this in the proportion of -y— to ^-^ we get B.'M. on each 

- ' I 267.v'xx> X I 'I 

chord = 2 ^ i-^ci — "^ 97»2Qo in lbs. ; B.M. on each diagonal 

= :; (267,000 - 972,000) = 34,900 in* lbs. 

T> J- • i_ J ^^y 97>20o ., . 

.'. Bending stress in chords = — p = \, x (6 - v^\) 

= 15,000 lbs. per sq. in. nearly.* 

Bending stress in diagonals i= ■>!?— x (4 — 1*24) 

= 14,500 lbs. per sq. in. nearly. ^ , 
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These are in each case about the limit of the safe stresses inde- 
pendently of the primary stresses, and if, as is probable, the actual 
stresses are somewhat less than these, we require very careful experi- 
mental investigation of the problem. 

Design of Riveted Joints to avoid Secondary 
Stresses. — Mr. E. W. Pittman, in a paper read before the 
Engineering Society of Western Pennsylvania (Proceedings^ 
1909-10), gives some interesting sketches of riveted joints as 
commonly designed and as they should be designed to minimise 
secondary stresses and to get equal loads on the rivets. 



f— -0--e-^-e-e-i)^-e-e-^-Q--ee-^ 




Fig. 91. — Secondai'y Stresses in Riveted Joints. 



Fig. 91 shows a joint in an |M girder, (a) is a common 
arrangement ; {b) is the more correct variation. 

Fig. 92 (a) shows a common arrangement for the shoe of a 
roof truss. This is open to the objection that the centre lines, oC 
the rafter and tie |do not intersect upon the centre line. of the 
Goluian,'SO-thftt«fseoondary^bbiding stresses will be caused in the 
sectibns> apart from those caused by the eccentricity of the rivets. 
: Fig. 92- (b) shows a prefers^ble arrangement, also common^ 
in. which the above objection is met, but it has, in commqn with 
the form above, another Oijbjection that might beav^^ided, viz;.^ 
that the rivets will not be equally stressed, as their centroid does 
not coincide with the imaginary, pin-joint. . 

Fig. 93 shows an arrangement — not cpnjimon — in which both 
objections arc avoided. 
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'Fig. 94 shdws a knee-brace connection tb a column^ The 
form shown as (a) is quite doibmon, and is open to the objection : 
that the rivets passing through the column, which ark in tenstott 
as well as shear, are unequally stressed. In the totm ^hoWh at (^) ' 
this objection is removed.' ' 

Secondary Stresses in Angle-cleat Rivets.-^In the' 
case of the rivets in an angle cleat as conimonty used for connect^ 
ing togetheir X beams in constructional steelwork, we have an 
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Fig, 92.— Boo/ Tni88 Sho^ tOiW Secoi'kUirfi' Str^aies. ' 
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ihterestiiig example of an eccehtrically loaded riveted Joint in 
V^hich secdiidary stresses arise. The dfesi^er ddes not, of dotiri^, 
cstlculaite the strength of these rivets' in the' bridinary tvikey because^ 
sti(:h t^onnebttons ard to a large extent standardised ibt a certain' 
nljnimum length of* beam ; but in special easds calculations M^e' 
tor b^ tnad^; arid, as the eccentricity 6f the losld causes con- 
dd^tdUy heavier stresses on th^ riVeti^ thah if the rii^dtion be 
merely idSvided betweeri thetn, it id liftUal tb aflow fof ihcfedceffl- 
tricity^ the foHo#lnii; manner'. ' v,t 
We will first consider the gdnehd ta's^, and' then a^^ ' oUf 

firetfcdii to -a partfcuter ntimiBrical efxanipte. ' '"" ' ' 

Let I, 2, 3, 4, 5 . . . Fig. 95, represent ^ iiovnber of-riv^tt* 
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connecting a plate a to a plate Bj and let P be the load trans- 
ipitted from one plate to the other. 

Then if x \^ the centre of gravity of the rivets, and P is at a 
distance x from x, it follows that we may place at x forces equal 
to, and opposite to, P,'as.in the case of ah eccentrically loaded 




Fig. 93. — Boof Trvsa Shoe toithoui Secondary Stresses. 



column, thus obtaining a couple of moment M = P a:, and a 
central load P. 

The central load P may be divided equally between the rivets, 
thus giving a force W on each. 

The moment P x may be divided up between the rivets as 
follows : — 

Let the load on a rivet due to the moment be proportional to 
the area a of each rivet, and to its distance r from the centre of 
.gravity x. 

Say load on each rivjet = kar, where kis 2l constant. 
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Then moment of load on each rivet = load x r 

■= kat^ 

Total moment of loads on rivets = moment P x 

= ^\kaf^) = k(a^r^ + a^r^ + . . a^^r^) 



(i) 



(CL) 



lb) 




Fig, 94. — Knee-brace with and without Secondary Stresses, 

In nearly every case the area of rivets a will be constant, 
.'. putting ^ a = f we have 

Total moment = p^; = s^r^ (2) 

where s = load at unit distance from x. 

(3) 



s — 



Sffi 



Then load due to eccentricity on any particular rivet = T 



= s . r 



This will be called the moment load, 

* It is interesting to compare this formula with that obtained in dealing 
with*continuous portals in the previous chapter (p. 210). 
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Then the resultant load R on any rivet will be the resultant 
of the loads T and W, and can be found simply by the usual 
graphical method. Fig. 95 shows the construction applied to the 
rivet 3. The resultant of the various loads JR should then come 
equal and opposite to P. This resultant can be found nicely by 




Fig, 95; — Seeondctry Stresses in Angle-cleat Rivets. 

the link and vector polygon construction, and provides an 
interesting. check of the accuracy of the calculations. ■ 

Numerical Example. — JVe will now take the case shown in 
Fig. 96 of the cleat given in the Handbook of Messrs. Dorman^ 
Long, &* Co., Ltd., for a 16 in. by 6 in. standard Z beam with a 
minimum span ofvZft., the rivets being of \ in. diameter. 

The safe uniformly distributed load given for this span and beam 

25 
is 25 tons, so that the reaction at each end will be — = 12*5 tons, and 

half of this will be carried by each angle, or the load P will be 
6*25 tons. 

First find the position of the centre of gravity of the rivets. It is 
clearly on the horizontal line through the rivet 3, and its distance from 
the line i, 3, 5 is obtained by moments thus : 

%d — 2, X 7.\ 

, 4'5 
t.e, /? = — = "9 m. 
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Then we tabulate the dimensions as follows :r-- 



• 


- 


■ --•« . . _^. 


. 


■ No. of rivet. 


r 


•>^ 




# 




j 


I 


4*58 


2ro6 


2 




2*62 


6-88 


3 




•90 


•81 


4 




2*62 


6-88 


5 




4-58 


21*06 




2 r« = 56-69 



s = 



Pjr 6*25 X 3*15 



Sr* 5669 

= '348 tons. 

The moment load will be a maximum on rivets i and 5 
because they are farthest from x, and will be equal to 

T5 = -348 X 4-58 = 1*59 tons. 



The direct load W on this rivets 



625 



5 



25 tons. 



Therefore resultant load = Rg = 2*20 tons. [See Fig. 96.] 

3 3 9 
Now bearing area of a |-in. rivet in a |-in. plate = - ^ g ~ ^ sq. in. 

2*20 X ^2 
Bearing stress on rivet = ^- = 7*82 toi^s per sq. in. 

Area of a f-in. rivet in section = - x (-) = '442 

2*20 
.'. Shear stress on rivet = . = 4*98 tons per sq. in. 

The above calculation shows that the rivets are stressed just about 
up to what is commonly taken as a safe working stress for rivets in 
shear, viz., 5 tons per sq. in. The importance of allowing for the 
eccentricity of the stress will be clear from this example, because the 
resultant maximum stress on the rivets comes nearly twice the value 
which would have been found if the eccentricity had not been taken 
into account. 
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Tests of Cleat Connections. — In the discussion of Mr. 
Pittman's paper referred to above, Mr. P. S. Whitman gave some 
very interesting figures of tests on cleat connections. 




Fig, 96. — Secondary Stresses in Angle-cleat Rivets, 

Each cleat had two rivets on one side, for instance, as given 
by Messrs. Dorman, Long for 6" and 5" beams. The results were 
rather variable, but in most cases the safe load given by the test 
was between the values for ordinary primary stress calculations 
and those allowing for secondary stress. 

Q I 
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The following results are interesting : — 



Test number. 




By test. 


I 


lOOO 


2 


6500 


3 


4450 


4 


6250 


5 


1000 


6 


2000 



Safe loads in pounds. 



By ordinary 
method. 



By new method. 



6900 

6900 

13,800 

13,800 

6900 



1470 

1765 
2940 

3530 
1470 



No. 5 is very interesting ; the holes in the beam were \' 
larger in diameter than the rivets, so that the safe load of 
1000 lbs. is a measure of the friction exerted by the closing of 
the rivets; this friction is a very variable quantity in riveted 
joints and cannot be relied upon with safety for design. Nos. 2 
and 4 were riveted in the ordinary way. No. i had rough bolts 
forced in, the nuts being tightened only by hand. Nos. 3 and 
6 had turned bolts, with nuts tightened by hand. 

It will be noted with interest that in Nos. 3 and 6, which 
come the nearest to the theoretical conditions of the joints, the 
results by test agree very much better with the calculations by 
the new method than by the old. 

* Secondary Stresses due to Rigidity of Joints. — 

Secondary stresses in framed structures are often caused by the 
rigidity of joints which are assumed in the ordinary methods of 
calculation as being freely hinged. 

In Fig. 97, (i) shows the deformed form of a Warren girder 
on exaggerated scale, and (2) shows the bending of the members 
making up the joint a due to the rigidity of the joint. 

By adding the two equations (30) for cross-beams of portals 
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(p. 182), and putting I for Ib, the bending moment at a in the 
bar A B due to angular changes ©ab and ©ba is given by 

2 E I 
Mab = — 7- (2tan6>BA + tan^AB) (0 




© 





Fig, 97. — Secondaty Stresses due to Rigidity of Jmnts. 



or replacing the tangent by the angle, since the latter is very small, 

M^ = --?-^(2 0BA+ M (2) 

Q 2 
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Now, if the bars meeting at a are concurrent, the sum of the 
bending moments in the various bars is zero 

.-. SM = Mab + Mac + Mad + M^e = O (3) 

We have first to calculate the changes ti a, 6 /3, c y in the angles, 
irrespective of the stiffness of the joint. 

In Fig. 98 the triangle a b c is shown in full lines in its 
original shape, and in dotted lines a deformed shape, caused by 




Fig, 98. 

stretching the bar a by an amount I a, the others being taken as 
unstrained. * 

Let^,/b,/c be the primary stresses in the bars. 

Then ca =^"^^; ^^ ^-^'g'^' ^'^^^W ^^^ 

Considering that the displacements are very small, the angles 
c Cj C2 and a c Co may be taken as right angles, and therefore the 
angle c^ Cg c = y. 

Then Cj Cg = c Cj cot y = 3 a cot y (5) 

Also -^ — ^ = - b j3 [to the first degree of approximation] 
a 
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. c ,1 -ha cot y f^ /,v 

• • ^/^ = — ~ =■- - i^cot y (^> 

Cl lit 

6 /3 is taken negative because /3 is shown as decreasing. 
Similarly if a b were changed in length and the other sides 
were assumed unchanged, we shoul^ have 

^/5 = --^-cota (7) 

To consider the change in /3 due to a change in a c, we will 
note that this corresponds to the change ^ a on the figure in the 
angle a due to ,a change of length ^ « in b c. 

Now h a = —r= = L ' = 

/? sm y A J 

C J = A J cot y 

And B J = A J cot /3 

.•. cj + Bj = a =Aj (cot /3 + cot y) 

a 
(cot /3 + cot y) 

. ha 

.'. c a = 

a 

(cot /^ + cot y) 

= -^(cot/3 + coty) .(8) 

.'. the corresponding change of /3 will be given by 

b f3 =-^(cota + coty) (9) 

Adding together the separate changes of angles, we get, when 
all the sides change in length, 

0/3= p cot y + p cot a (10) 

Similarly for the other angles 

. (/a - /c) ^^^ . ^ (/a - /b) cot y 

C a = ^ cot /J+ T- v'^/ 

^y= £ cot a + g (12) 

Determination of Deflection Angles 6 at a Joint. — The calcula- 
tion of the angles at any joint can be facilitated, when the 
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vftrious angles a. /3, y, &c., have been found, by noting the 
following relations, — 

0CD = ^AB + ^Oj + ^ a. \ (^3) 

6>AB — ^AB + ^ ttj + ^ tto + ^ ag ) 

Equation (3) can then be written for each joint, expressing 
the various M's in terms of the (?*s as in equation (i), only one % 
at each point being an unknown 

We thus derive as many equations as there are joints, and can 
solve them for the standard % at each joint, then calculating the 
separate 6's as in equation (13). 

Numerical Example. — Find the secondary stresses due to stiff- 
ness of joints in the Pratt Truss shown in Fig. 99, the stresses on the 
diagram being primary stresses in kips (1000 lbs.) per sq. in. 

We are indebted to an article by Prof. F. E. Tumeare in the 
Engineering News (New York) of September 5th, 191 2, for the fol- 
lowing example. The necessary data as to primary stresses and 
sections are given in Table I. 

TABLE I. 



Member 


1 

Length., 
(in.) 

1 

1 


1 

Area ' 
A 

(sq. in.) 


1 

Moment 
of Inertia. 

1 i 
(in.-*) ! 


Extreme 
fibre dist. 

(in.) 


Primary 

stress 

S 

(1000 lbs. 

or kips). 

1 

1 

- lOI'O 


Unit-stress ' 
s = S/A 1 

{ 1000 lbs. or 1 
kips per 
sq. in.) 1 

1 

— 2*12 ' 


--\ 


O-I 


463 


477 


3280 


7-08 










1 

1 
1 


! 




1-3 


320 


477 


8280 


1 '■'! 


- II2-0 


- 2-35 i 

1 


10-25 


3-5 * 


1 

320 


477 


3280 


|8-8| 
In -6/ 


\ - II2'0 


1 
- 235 i 


10-25 


0-2 


320 


33-0 


14IO 


9*1 


+ 69-9 


+ 2*12 

, 1 


4-41 


2-4 


1 320 


33-0 


I4IO 


9*1 


+ 69-9 


+ 2-12 


4-41 


4-6 


320 


1 57*2 

1 


1820 


9*1 


4- 126*0 


+ 2*21 


5-69 


1-4 . 


! 463 


; 29-4 


80s 


7-5 


+ 6o-8 


+ 2*07 


174 


4-5 


463 


i 26-5 


1 7SO 


7-5 


- 20-3 


77 


1-62 


1-2 


336 


i 197 


120 


6-2 


+ 200 


+ I '02 


0-36 


3-4 


i 336 


' 197 


120 


6-2 


- 9*3 


- -47 


0-36 


5-6 


336 

i 


: 197 


120 


6-2 

1 


4- 20 -Q 


+ I -02 


0-36 
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Calculations of Changes of Angle, d a. — The data for this calcula- 
tion are conveniently arranged as shown in Fig. 99. The triangles are 
lettered A, B, &c., and the primary stresses per unit area (s) are written 
on the members. Then, proceeding by triangles, and denoting the 
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Fig. 99. — Secondai^ Stresses in a Pratt Truss. 

-angles by the figures at the nodes, we have from equations (10-12) 
for triangle A, taking E as unity for convenience : 

^o = (ro2 + 2-12) X ro5 = 4- 3*30 
t) I = (2*12 4- 2-12) X 0*95 = 4- 4*03 

02 = (- 2*12 - 2-12) X 0-95 + (- 2*12 - 102) X VO^ = - 7*33 

^nd so on for the other triangles. These results are given in Table II. 
column 4, grouped by joints, as far as joint 6. 

Formulation of Equations.— ¥ or each joint we now select a parti- 
•cular ^ as the reference angle and express all other deflection angles 
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at that joint in terms of this ^ and the changes of angle, as in 
equation (13) This work is shown in column 5, Table II. At joint i, 
for example, the reference angle is taken as 0j3 (called simply 0^ for 
convenience), and the various other deflection angles are found by 
adding in succession the values of ^w given in column 4. For joint 5 
the reference angle is taken as 0r^ and for joint 6, 0gg. By reason of 
symmetry these angles are zero, hence all values of for these joints 
are i»iven directly in column 5. 

We now proceed to write out equation (3) for each joint, substitut- 
ing the values of 6/ from column 5. In doing this it is convenient to 
tabulate in column 6 the values of K 0. For joint o the equation will 
be M(>., 4- Moi = o ; or, from (i), omitting the factor 2 E, 

K (2 \, + (^ao) 4- K (2 (^02 + ^10) = o ; 
or more conveniently 

2 (K f^o-i + K «oi) + K 0^, + K 6>io = o. 

The parenthesis is given by the sum of all the 0*5 at joint o, column 
5, and the other values of K are found opposite the respective mem« 
bcrs 2-0 and i-o. 

Combining numerical quantities the equation is 

22*98 % + 7-08 (?, + 4-41 a^ = - 39-2 (dy 

Equations for joints i, 2, 3, and 4 are 

7-08 % + 38-86 «i + 0-36 a^ + 10-25 ^:j + + '74 ^4 = - 87-0 ... ip) 

4-41 % -f 0-36 6^1 + 18-36 6^2 + 4-41 (^4 = -f 47'o ... if) 

10-25 ^1 + 4172 ^2 + 0*3^^4 = - 1967... {d} 

\"]\ 0^ -{- 4-41 9., -f 0-36 9.^ + 27-64 ©4 = + 86*1 ... (^> 
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Joint 



(0 











TAJ5LE II. 








1 
Member ; 

1 

! 
1 


Angle 
(3) 


C:hanee 

of angle 

la 

(4) ; 


Value of « 
in terms of 
reference (f 

(5) 


(6) 


Calculated 
Value of , 

9 

1 

1 
(7) 


Hending 

Moment 

M 

1000 in. -lb. 

or in. -kips. 

(8) 


Secondary 
fibre-stress 

loop lbs. or 

kips 
per sq. in. 


(2) 


(9) 


JO-I 






% 


7-o8»„ 


- 1*90 


-45-6 


-0-I2 


\.0 2 


102 


:+3'30 


«o + 3'3o 


4-41 «o4-i4-6 


4-1-40 1 


+ 45*5 


4-0*29 


1-3 




i 


^1 


10-25 9, 


0-83 


+ 38-6 


-0-14 


1-4 


314 


- 2 -67 ; 


^,-2-67 


1-74^1-4-64 


-3-50 ' 


-18-2 


4-017 


1-2 


412 


I +005 


9i~2'62 


0-36 «, -094 


-345 


- 8-6 


4-0-44 


I-O 


210 


; +4-03 


f^l-i- 1-41 


7-08 0^4- lO-Q 


-ho.58 


- 11-9 


—0-04 


'2-0 




1 


0, 


4-41 9.2 


+ 235 


• +53*9 


+ 0-3S 


1 2-4 


021 


1 • 7-33 , 


^2 - 7 '33 


, 0-36^^^-2-64 


-4-98 


- 9-6 


4-0-50 


124 


I+I-05 


ft^-6-28 


; 4-41 9^-27-7 


- 393 ' 


-44-1 


4-0*28 


^3-1 ; 






«:, 


10-25 a, 


-4*53 i 


-121* 


-0-32 


534 


' 4-119 


f^.,4 I -19 


036 «,+ 0-43 


- 3' 33 


- 6-6 


-0*34 


431 


; 4-6-88 


fl:r^-8-07 


! 10-25^.4-87-7 


+ 3*54 


4-128. 


-o*34 


r4-2 






^4 


4-41 ^4 


+ 2-86 1 


+ 15-8 


4 0*I0 




4-1 


241 


— no 

■ 


0^- no 


l'74 9^-l 91 


4-1-76 


4- 0-06 


4-0-0I 


'rt 


4-3 


143 


■ -4*21 


«4-5-3i 


0-360^-1-92 


-245 


- 6.0 


-0*31 




4-5 i 


345 


- 1-50 


«4 - 6-81 


I -62 6^4 - 1 1 -0 


-3*95 


- 16-4 


-0-16 


I4-6 


546 


'■ +1-88 

1 


^4-4-93 


5 69 f^4-28-o 


- 2-07 


4- 6-6 


4-0-03 


^5-3 












O'OO 


0-00 


O'OO 


654 


+ 2-84 


4-2-84 


+ 4-60 


4-2-84 


f 5-6 


'-o*o6 


453 


4-0-31 


-^3-15 


+ 323 


+ 315 


+ 36-3 


-o-io 


f6-5 












0-00 


. O'OO 


0-00 




U-4 


564 


-4-72 


+ 472 


4-26-8 


4-472 


+83-8 


4-0-42 



Solution of Equations. — The direct solution of the five equations is 
not a long process if the elimination is carried out in the proper order. 
Thus % occurs in {d)^ {b\ and ic) only, and should first be eliminated, 
giving two new equations in place of these three. Then 9.^ will be 
found to occur in these two new equations and in equation {e) only. 
Eliminating ft, gives us two new equations containing 0„ ft, r.n<l 9^^ 
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which are then combined with equation {d). Generally about five 
minutes' time is sufficient for each unknown in any single-intersection 
truss, irrespective of the number of joints or equations, for the number 
of equations containing any given unknown depends only upon the 
number of members meeting at the joint in question, being always one 
more than the number of such members. 

The calculated values of are as follows : (^^ = - 1*90, Q^— - 0*83, 
6^2 = + 2'35, 6^3 = - 4*53, 6^4 = + 2*86. These are also given in 
column 7 of Table II. 

The exact method of solution, as employed above seems to be 
about as expeditious as approximate methods, although errors are 
not so readily detected. In solving by successive approximations 
Prof Turneare suggests the following methods. In the first approxN 
mation the values of all coefficients of 0, except the one sought, are 
assumed equal to zero. Thus, from equation {a) for joint o, we get 
at once 

«„ = - ''Z = .7. 

23 
Likewise from equation {b\ 

38-9 

so also 02 = + 2'6, 03 = - 4*6, and ^4 = + 3-1. Then for a second 
approximation use equation (a) for 9q as before, but substitute the 
above values for ^i and 6^2 J ^^^ so for the other angles. The 
second approximations thus obtained are : 9q = - 1*5 ; ^i = - 0*9, 
^2 = + 2*3, ^3 = - 4-2, and 9^ = -\- 2*8. A third approximation 
would be sufficient. 

Bending Moments ajid Stresses, — Table II. gives in column 8 the 
values of the several bending moments calculated from equation (i), 
and in column 9 the resulting secondary stresses. 

Comparison with Experiments. — Within recent years 
considerable attention has been given to the actual measurements 
of stresses in structures by means of extensometer readings, this 
being the only really reliable means of investigating the reliability 
of theoretical methods. The American Railway Engineering 
Association has made investigations of this kind upon the second- 
ary stresses in bridge trusses, and their results agree quite well 
with the results obtained by the above treatment. 
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Poisons: Their Effects and Detection Svo, 7 50 
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Bockmann, F. Celluloid i2mo, 

Bodmer, G. R. Hydratdic Motors and Turbines i2mo, 

Boileau, J. T. Traverse Tables 8vo, 

Bonney, G. £. The Electro-platers' Handbook iimo, 

Booth, N. Guide to the Ring-spinning Frame iimo, 

Booth, W. H. Water Softening and Treatment 8vo, 

Superheaters and Superheating and Their Control 8vo, 

Bottcher, A. Cranes: Their Construction, Mechanical Equipment and 

Working. Trans, by A. Tolhausen 4to, 

Bottler, M. Modem Bleaching Agents. Trans, by C. Salter. . . .i2mo, 

Bottone, S. R. Magnetos for Automobilists i2mo, 

Boulton, S. B. Preservation of Timber. (Science Series No. 82.) . i6mo, 

Bourcart, £. Insecticides^ Fungicides and Weedkillers 8vo, 

Bourgougnon, A. Physical Problems. (Science Series No. 113.) . i6mo, 
Bourry, £. Treatise on Ceramic Industries. Trans, by A. B. Searle. 

8vo, 

Bow, R. H. A Treatise on Bracing. 8vo, 

Bowie, A. J., Jr. A Practical Treatise on Hydraulic Mining 8vo, 

Bowker, W. R. Djrnamo, Motor and Switchboard Circuits 8vo, 

Bowles, O. Tables of Common Rocks. (Science Series No. i25.).i6mo. 

Bowser, £. A. Elementary Treatise on Analytic Geometry i2mo, 

Elementary Treatise on the Differential and Integral Calculus . i2mo, 

Elementary Treatise on Analjrtic Mechanics i2mo, 

Elementary Treatise on Hydro-mechanics i2mo, 

A Treatise on Roofs and Bridges i2mo, 

Boycott, G. W. M. Compressed Air Work and Diving 8vo, 

Bragg, E. M. Marine Engine Design i2mo, 

Brainard, F. R. The Sextant. (Science Series No. loi.) i6mo, 

Brassey's Naval Annual for 1911 8vo, 

Brew, W. Three-Phase Transmission 8vo, 

Brewer, R. W. A. Motor Car Construction 8vo, 

Briggs, R., and Wolff, A. R. Steam-Heating. (Science Series No. 

67.) i6mo, 

Bright, C. The Life Story of Sir Charles Til?on Bright 8vo, 

Brislee, T. J. Introduction to the Study of Fuel. (Outlines of Indus- 
trial Chemistry.) 8vo, 

British Standard Sections . . 8x15 

Complete list of this series (45 parts) sent on application. 
Broadfoot, S. K. Motors, Secondary Batteries. (Installation Manuals 

Series.) i2mo, 

Broughton, H. H. Electric Cranes and Hoists *g 

Brown, G. Healthy Foundations. (Science Series No. 80.) i6mo. 

Brown, H. Irrigation . -.....•; 8vo, 

Brown, Wm. N. The Art of Enamelling on Metal i2mo. 

Brown, Wm. N. Handbook on Japanning and Enamelling i2mo, 

House Decorating and Painting i2mo, 

' History of Decorative Art i2mo, 

Dipping, Btunishing, Lacquering and Bronzing Brass Ware . . i2mo, 

Workshop. Wrinkles. 8vo, 

Browne, R. £. Water Meters. (Science Series No. 81.) i6mo, 

Bruce, £. M. Pure Food Tests i2mo. 
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Bruhns, Dr. New Manual of Logarithms Svo, doth, 2 00 

half morocco, 2 50 
Bruxmer, R. Manufacture of Lubricants, Shoe Polishes and Leather 

Dressings. Trans, by C. Salter Svo, *3 00 

Buel, R. H. Safety Valves. (Science Series No. 21.) i6mo, o 50 

Bulman, H. F., and Redmayne, R. S. A. Colliery Working and Manage- 
ment Svo, 6 00 

Bums, D. Safety in Coal Mines i2mo, *i 00 

Burstall, F. W. Energy Diagram for Gas. With Text Svo, i 50 

Diagram. Sold separately *i 00 

Burt, W. A. Key to the Solar Compass i6mo, leather, 2 50 

Burton, F. G. Engineering Estimates and Cost Accounts i2mo, *i 50 

Buskett, E. W. Fire Assaying i2mo, *i 25 

Butler, H. J. Motor Bodies and Chassis Svo, *2 50 

Byers, H. G., and Knight, H. G. Notes on Qualitative Analysis Svo, *i 50 

Cain, W. Brief Course in the Calculus i2mo, *x 75 

'Elastic Arches. (Science Series No . . 4S.) i6mo, o 50 

Maximum Stresses. (Science Series No. 3S.) i6mo, o 50 

Practical Designing Retaining of Walls. (Science Series No. 3.) 

i6mo, o 50 
Theory of Steel-concrete Arches and of Vaulted Structures. 

(Science Series No. 42.) i6mo, o 50 

-^ — Theory of Voussoir Arches. (Science Series No. 12.) i6mo, o 50 

Symbolic Algebra. (Science Series No. 73.) i6mo, o 50 

Campin, F. The Construction of Lron Roofs Svo, 2 00 

Carpenter, F. D . Geographical Surveying. (Science Series No. 37. ) • i ^nio. 

Carpenter, R. C, and Diederichs, H. Internal Combustion Engines. . Svo, *5 00 

Carter, E. T. Motive Power and Gearing for Electrical Machinery . Svo, *5 00 

Carter, H. A. Ramie (Rhea), China Grass i2mo, *2 00 

Carter, H. R. Modem Flax, Hemp, and Jute Spinning Svo, *3 00 

Cary, E. R. Solution of Railroad Problems with the Slide Rule. . i6mo, *i 00 

Cathcart, W. L. Machine Design. Part I. Fastenings Svo, *3 00 

Cathcart, W. L., and Chaffee, J. I. Elements of Graphic Statics . . .Svo, *3 00 

Short Course in Graphics i2mo, i 50 

Caven,R.M., and Lander, G.D. Systematic Inorganic Chemistry. i2mo, *2 00 

Chalkley, A. P. Diesel Engines Svo, *3 00 

Chambers' Mathematical Tables Svo, i 75 

Chambers, G. F. Astronomy i6mo, "^i 50 

Chamock, G. F. Workshop Practice. (Westminster Series.) . . .Svo {In Press.) 

Charpentier, P. Timber Svo, *6 00 

Chatley, H. Principles and Designs of Aeroplanes. (Science Series 

No. 126) i6mo, o 50 

How to Use Water Power i2mo, *i 00 

Gyrostatic Balancing Svo, *i 00 

Child, C. D. Electric Arc Svo * {In Press.) 

Child, C. T. The How and Why of Electricity i2mo, i 00 

Christie, W. W. Boiler-waters, Scale, Corrosion, Foaming Svo, *3 00 

Chimney Design and Theory „ Svo, *3 00 

Furnace Draft. (Science Series No. 123.) i6mo, o 50 

Water: Its Purification and Use in the Industries Svo, *2 00 
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Church's Laboratory Guide. Rewritten by Edward Kinch. 8vo, *2 50 

Clapperton, G. Practical Papermakiiig 8vo, 2 50 

Clark, A. G. Motor Car Engineering. 

Vol. I. Construction *3 00 

Vol. n. Design (In Press,) 

Clark, C. H. Marine Gas Engines i2mo, *i 50 

Clark, D. K. Rules, Tables and Data for Mechanical Engineers . . .8vo, 5 00 

Fuel: Its Combustion and Economy iimo, i 50 

The Mechanical Engineer's Pocketbook i6mo, 2 00 

Tramways: Their Construction and Working Svo, 5 00 

Clark, J. M. New System of Lajring Out Railway Turnouts i2mo, i 00 

Clausen-Thue, W. ABC Telegraphic Code. Fourth Edition . . . i2mo, *5 00 

Fifth Edition Svo, *7 00 

The A I Telegraphic Code Svo, *7 50 

Cleemann, T. M. The Railroad Engineer's Practice i2mo, *i 50 

Clerk, D., and IdeU, F. E. Theory of the Gas Engine. (Science Series 

No. 62.) x6mo, o 50 

Clevenger, S. R. Treatise on the Method of Government Surveying. 

i6mo, morocco 2 .50 

Clouth, F. Rubber, Gutta-Percha, and Balata Svo, *5 00 

Cochran, J. Concrete and Reinforced Concrete Specifications. .Svo (In Press.) 

^— Treatise on Cement Specifications Svo, *i 00 

Coffin, J. H. C. Navigation and Nautical Astronomy i2mo, *3 50 

Colbum, Z., and Thurston, R. H. Steam Boiler Explosions. (Science 

!« Series No. 2.) i6mo, o 50 

Cole, R. S. Treatise on Photographic Optics i2mo, i 50 

Coles-Finch, W. Water, Its Origin and Use Svo, *5 00 

Collins, J. E. Useful Alloys and Memoranda for Goldsmiths, Jewelers. 

i6mo, o 50 

CoUis, A. G. Switch-gear Design Svo, 

Constantine, E. MarineEngineers, Their Qualifications and Duties. .Svo, *2 00 

Coombs, H. A. Gear Teeth. (Science Series No. 120.) ........ i6mo, o 50 

Cooper, W. R. Primary Batteries Svo, *4 00 

" The Electrician " Primers Svo, *5 00 

Part I *i 50 

Part n *2 50 

Part in *2 00 

Copperthwaite, W. C. Tunnel Shields 4to, *g 00 

Corey, H. T. Water Supply Engineering Svo (In Press.) 

Corfield, W. H. - Dwelling Houses. (Science Series No. 50.) i6mo, o 50 

Water and Water-Supply. (Science Series No. 17.) i6mo, o 50 

Cornwall, H. B. Manual of Blow-pipe Analysis Svo, *2 50 

Courtney, C. F. Masonry Dams Svo, 3 50 

Cowell, W. B. Pure Air, Ozone, and Water i2mo, *2 00 

Craig, T. Motion of a Solid in a Fuel. (Science Series No. 49.) . i6mo, o 50 

— — Wave and Vortex Motion. (Science Series No. 43.) i6mo, o 50 

Cramp, W. Continuous Current Machine Design Svo, *2 50 

Creedy, F. Single Phase Commutator Motors Svo, *2 00 

Crocker, F. B. Electric Lighting. Two Volumes. Svo. 

Vol. I. The Generating Plant 3 00 

Vol. n. Distributing Systems and Lamps 
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Crocker, F. B., and Arendt, M. Electric Motors 8vo, 

Crocker, F. B., and Wheeler, S. S. The Management of Electrical Ma- 
chinery i2mo, 

Cross, C. F., Bevan, E*. J*« Wd Sindall, R. W. Wood Pulp and Its Applica- 
tions. (Westwnster Series.) 8vo, 

Crosskey, L. R. Elementary Perspective 8vo, 

Crosskey, L. R., and Thaw, J. Advanced Perspective Svo, 

CuUey, J. L. Theory of Archer* (Science Series No. 87.) i6mo. 
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Dadourian, H. M. Analytical Mechanics . . i2mo, 

Danby, A. Natural Rock Asphalts and Bitumens 8vo, 

Davenport, C. The Book. (Westminster Series.) 8vo, 

Davies, D. C. Metalliferous Minerals and Mining 8vo, 

Earthy Minerals. and. Mining 8vo, 

Davies, E. H. Machinery for Metalliferous Mines 8vo, 

Davies, F. H. Electric Power and Traction 8vo, 

Foundations aiid Machinery Fixing. (Installation Manual Series.) 

i6mo, 

Dawson, P. .Blectric. Traction on Railways 8vo, 

Day, C. The Indicator and Its Diagrams i2mo, 

Deerr, N. Sugar and the Sugar Cane 8vo, 

Deite, C. Manual of Softpmaking. Trans, by S. T. King 4to, 

De la Couz, H. The Industrial Uses of Water. Trans, by A Morris. 8vo, 

Del Mar, W. A. Electric Power Conductors 8vo, 

Denny, G. A. Deep-level Mines .of the Rand 4to, *io 00 

Diamond Drilling for Gold *5 00 

De Roos, J. D. C. Linkages. . (Science Series No. 47.) i6mo, o 50 

Derr, W. L. Block Signal Operation Oblong i2mo, 

Maintenance-of-Way Engineering (In Preparation.) 

Desaint, A. Three Hundred Shades and How to Mix Them 8vo, 

De Varona, A. Sewer Gases. (Science Series No. 55.) i6mo, 

Devey, R. G. Mill, and Factory Wiring. (Installation Manuals Series.) 

i2mo, 

Dibdin, W. J. Public Lighting by Gas and Electricity 8vo, 

Purification of Sewage. and Water Svo, 

Dichmann, CarL . Basic Open-Hearth. Steel. Process i2mo, 

Dieterich, K. Analysis, of Resins, Balsams, and Gum Resins 8vo, 

Dinger, Lieut. H. C. Care and Operation of Naval Machinery . . . i2mo, 
Dixon, D. B. Machinist's and Steam Engineer's Practical Calculator. 

i6mo, morocco, i 25 
Doble, W. A. Power Plant Construction on the Pacific Coast (In Press.) 
Dorr, B. F. The Surveyor's Guide and Pocket Table-book. 

i6mo, morocco, 2 00 

Down, P. B. Handy Copper Wire Table i6mo, *i 00 

Draper, C. H. Elementary Text-book of Light, Heat and Sound . . i2mo, i 00 

-^ Heat and the Principles of Thermo-dynamics i2mo, *2 00 

Duckwall, E. W. Canning and Preserving of Food Products 8vo, *5 00 

Dumesny, P., and Noyer, J. Wood Products, Distillates, and Extracts. 

8vo, *4 50 
Duncan, W. G., and Penman, D. The Electrical Equipment of ColUeries. 

8vo, *4 00 
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Dunstan, A. £., and Thole, F. B. T. Textbook of Practical Chemistry. 

i2mo, *i 40 

Duthie,A. L. Decorative Glass Processes. (Westminster Series.) . 8vo, *2 00 

Dwight, H. B. Transmission Line Formulas 8vo, *2 00 

Dyson, S. S. Practical Testing of Raw Materials 8vo, *5 00 

Dyson, S. S., and Clarkson, S. S. Chemical Works .Svo, *7 50 

Eccles, R. G., and Duckwall, E. W. Food PreservlCtives Svo, paper, o 50 

Eddy, H. T. Researches in Graphical Statics Svo, i 50 

Maximum Stresses tmder Concentrated Loads Svo, i 50 

Edgcumbe, E. Industrial Electrical Measuring Instruments Svo, *2 50 

Eissler, M. The Metallurgy of Gold Svo, 7 50 

The Hydrometallurgy of Copper Svo, *4 50 

The Metallurgy of Silver Svo, 4 00 

The Metallurgy of Argentiferous Lead Svo, 5 00 

Cyanide Process for the Extraction of Gold Svo, 3 00 

A Handbook on Modem Explosives Svo, 5 00 

Ekin, T. C. Water Pipe and Sewage Discharge Diagrams folio, *3 00 

Eliot, C. W., and Storer, F. H. Compendious Manual of Qualitative 

Chemical Analysis i2mo, *i 25 

Elliot, Major G. H. European Light-house Systems Svo, 5 00 

Ennis, Wm. D. Linseed Oil and Other Seed Oils Svo, *4 00 

Applied Thermodjrnamics Svo, *4 50 

Flying Machines To-day i2mo, *4 50 

Vapors for Heat Engines i2mo, *i 00 

Erfurt, J. Dyeing of Paper Pulp. Trans, by J. Hubner Svo, *y 50 

Ermen, W. F. A. Materials Used in Sizing Svo, *2 00 

Evans, C. A. Macadamized Roads (In Press.) 

Ewing, A. J. Magnetic Induction in Iron < Svo, *4 00 

Fairie, J. Notes on Lead Ores i2mo, *i 00 

Notes on Pottery Clays i2mo, *i 50 

Fairley, W., and Andre, Geo. J. Ventilation of Coal Mines. (Science 

Series No. 5S.) i6mo, o 50 

Fairweather, W. C. Foreign and Colonial Patent Laws Svo, *$ 00 

Fanning, J. T. Hydraulic and Water-supply Engineering Svo, *5 00 

Fauth, P. The Moon in Modem Astronomy. Trans, by J. McCabe. 

Svo, *2 00 

Fay, L W. The Coal-tar Colors Svo, *4 00 

Fembach, R. L. Glue and Gelatine Svo, *3 00 

Chemical Aspects of Silk Manufacture i2mo, *i 00 

Fischer, E. The Preparation of Organic Compounds. Trans, by R. V. 

Stanford i2mo, *i 25 

Fish, J. C. L. Lettering of Working Drawings Oblong Svo, i 00 

Fisher, H. K. C, and Darby, W. C. Submarine Cable Testing Svo, *3 50 

Fiske, Lieut. B. A. Electricity in Theory and Practice Svo, 2 50 

Fleischmann, W. The Book of the Dairy. Trans, by C. M. Aikman. 

Svo, 4 00 
Fleming, J. A. The Alternate-current Transformer. Two Volumes. Svo. 

Vol. L The Induction of Electric Currents *5 00 

VoL n. The Utilization of Induced Currents *5 06 



10 D. VAN NOSTRAND COMPANY'S SHORT TITLE CATALOG 

Fleming, J. A. Propagation of Electric Currents 8vo, *s oo 

Centenary of the Electrical Current 8vo, *o 50 

Electric Lamps and Electric Lighting 8vo, *3 00 

Electrical Laboratory Notes and Forms 4to, *5 00 

A Handbook for the Electrical Laboratory and Testing Room. Two 

Volumes 8vo, each, *5 00 

Fleury, P. Preparation and Uses of White Zinc Paints 8vo, *2 50 

Fleury, H. The Calculus Without Limits or Infinitesimals. Trans, by 

C. O. Maillouz (In Press.) 

Flynn, P. J. Flow of Water. (Science Series No. 84.) i2mo, o 50 

Hydraulic Tables. (Science Series No. 66.) i6mo, o 50 

Foley, N. British and American Customary and Metric Measures . . folio, *3 00 
Foster, H. A. Electrical Engineers' Pocket-book. {Seventh Edition.) 

i2mo, leather, 5 00 

Engineering Valuation of Public Utilities and Factories 8vo, *3 00 

Handbook of Electrical Cost Data . . , 8vo (In Press.) 

Foster, Oen. J. G. Submarine Blasting in Boston (Mass.) Harbor 4to, 3 50 

Fowle, F. F. Overhead Transmission Line Crossings i2mo, *i 50 

JThe Solution of Alternating Current Problems 8vo (In Press.) 

Fox, W. G. Transition Curves. (Science Series No. no.) i6mo, o 50 

Fox, W., and Thomas, C. W. Practical Course in Mechanical Draw- 
ing i2mo, I 25 

Foye, J. C. Chemical Problems. (Science Series No. 69.) i6mo, o 50 

Handbook of Mineralogy. (Science Series No. 86.) i6mo, o 50 

Francis, J. B. Lowell Hydraulic Experiments 4to, 15 00 

Freudemacher, P. W. Electrical Mining Installations. (Installation 

Manuals Series.) i2mo, *i 00 

Frith, J. Alternating Current Design 8vo, *2 00 

Fritsch, J. Manufacture of Chemical Manures. Trans, by D. Grant. 

8vo, *4 00 

Frye, A. I. Civil Engineers' Pocket-book i2mo, leather, *5 00 

Fuller, G. W. Investigations into the Purification of the Ohio River. 

4to, *io 00 

Fumell, J. Paints, Colors, Oils, and Varnishes 8vo. *i 00 

Gairdner, J. W. I. Earthwork 8vo (In Press.) 

Gant, L. W. Elements of Electric Traction 8vo, *2 50 

Garcia, A. J. R. V. Spanish-English Railway Terms 8vo, *4 50 

Garforth, W. E. Rules for Recovering Coal Mines after Explosions and 

Fires i2mo, leather, i 50 

Gaudard, J. Fotmdations. (Science Series No. 34.) i6mo, o 50 

Gear, H. B., and Williams, P. F. Electric Central Station Distribution 

Systems 8vo, *3 00 

Geerligs, H. C. P. Cane Sugar and Its Manufacture 8vo, *5 00 

World's Cane Sugar Industry 8vo, *5 00 

Geikie, J. Structural and Field Geology 8vo, *4 00 

Gerber, N. Analysis of Milk, Condensed Milk, and Infants' Milk-Food. 8vo, z 25 
Gerhard, W. P. Sanitation, Watersupply and Sewage Disposal of Country 

Houses i2mo, *2 00 

Gas Lighting. (Science Series No. in.) i6mo, o 50 

Household Wastes. (Science Series No. 97.) i6mo, o 50 

House Drainage. (Science Series No. 63.) i6mo, o 50 
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Geiliard, W- P* Sanitary Drainage of Buildings. (Science Series No. 93.) 

i6mo, 

Gerhardi, C. W. H. Electricity Meters Svo, 

Geschwind, L. Manufacture of Alum and Sulphates. Trans, by C. 

Salter 8vo, 

Gibbs, W. £. Lighting by Acetylene i2mo, 

Physics of Solids and Fluids. (Carnegie Technical School's Text- 
books.) *i 

Gibson, A. H. Hydraulics and Its Application 8vo, 

Water Hammer in Hydraulic Pipe Lines i2mo, 

Gilbreth, F. B. Motion Study i2mo, 

Primer of Scientific Management i2mo, 

Gillmore, Gen. Q. A. Limes, Hydraulic Cements acd Mortars Svo, 

Roads, Streets, and Pavements i2mo, 

Golding, H. A. The Theta-Phi Diagram i2mo, 

Goldschmidt, R. Alternating Current Commutator Motor 8vo, 

Goodchild, W Precious Stones. (Westminster Series.) 8vo, 

Goodeve, T. M. Textbook on the Steam-engine i2mo, 

Gore, G. Electroljrtic Separation of Metals 8vo, 

Gould, £. S. Arithmetic of the Steam-engine i2mo, 

Calculus. (Science Series No. 112.) i6mo, 

High Masonry Dams. (Science Series No. 22.) i6mo, 

Practical Hydrostatics and Hydrostatic Formulas. (Science Series 

No. 117*.) i6mo, o 50 

Grant, J. Brewing and Distilling. (Westminster Series.) 8vo {In Press.) 

Gratacap, L. P. A Popular Guide to Minerals 8vo, 

Gray, J. Electrical Influence Machines ^ . . . z2mo, 

Marine Boiler Design i2mo, 

Greenhill, G. Dynamics of Mechanical FUght 8vo, 

Greenwood, E. Classified Guide to Technical and Commercial Books. 8vo, 

Gregorius, R. Mineral Waxes. Trans, by C. Salter i2mo, 

Griffiths, A. B. A Treatise on Manures i2mo, 

Dental Metallurgy. 8vo, 

Gross, E. Hops 8yo, 

Grossman, J. Ammonia and Its Compounds i2mo, 

Groth, L. A. Welding and Cutting Metals by Gases or Electricity 8vo, 

Grover, F. Modem Gas and Oil Engines 8vo, 

Gruner, A. Power-loom Weaving 8vo, 

Giildner, Hugo. Internal Combustion Engines. Trans, by H. Diederichs. 

4to, 

Gunther, C. 0. Integration i2mo, 

Gurden, R. L. Traverse Tables folio, half morocco, 

Guy, A. £. Experiments on the Flexure of Beams. 8vo, 

Haeder, H. Handbook on the Steam-engine. Trans, by H. H. P. 

Powles i2mo, 

Hainbach, R. Pottery Decoration. Trans, by C. Slater z2mo, 

Haenig, A. Emery and Emery Industry 8vo, 

Hale, W. J. Calculations of General Chemistry z2mo, 

Hall, C. H. Chemistry of Paints and Paint Vehicles i2mo, 

Hall, R. H. Governors and Governing Mechanism i2mo, *2 00 
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Hall, W. S. Elements of the Di£ferential and Integral Calculus Svo, 

Descriptive Geometry 8vo volume and a 4to atlas, 

Haller, G. F., and Cunningham, E. T. The Tesla Coil i2mo, *i 

Halsey, F. A. Slide Valve Gears i2mo, 

The Use of the Slide Rule. (Science Series No. 114.) i6mo, 

Worm and Spiral Gearing. (Science Series No. 116.) i6mo, 

Hamilton, W. G. Useful Information for Railway Men i6mo, 

Hammer, W. J. Radium and Other Radio-active Substances 8vo, 

Hancock, H. Textbook of Mechanics and Hydrostatics 8vo, 

Hardy, E. Elementary Principles of Graphic Statics i2mo, 

Harrison, W. B. The Mechanics' Tool-book i2mo, 

Hart, J. W. External Plumbing Work 8vo, 

Hints to Plumbers on Joint Wiping 8vo, 

Principles of Hot Water Supply 8vo, 

Sanitary Plumbing and Drainage 8vo, 

Haskins, C. H. The Galvanometer and Its Uses i6mo, 

Hatt, J. A. H. The Colorist square i2mo, 

Hausbrand, E. Drying by Means of Air and Steam. Trans, by A. C. 

Wright i2mo, 

Evaporating, Condensing and Cooling Apparatus. Trans, by A. C. 

Wright 8vo, *5 00 

Hausner, A. Manufacture of Preserved Foods and Sweetmeats. Trans. 

by A. Morris and H. Robson 8vo, 

Hawke, W. H. Premier Cipher. Telegraphic Code 4to, 

100,000 Words Supplement to the Premier Code 4to, 

Hawkesworth, J. Graphical Handbook for Reinforced Concrete Design. 

4to, 

Hay, A. Alternating Currents 8vo, 

Electrical Distributing Networks and Distributing Lines 8vo, 

Continuous Current Engineering 8vo, 

Hayes, H. V. Public Utilities, Their Cost New and Depreciation . . 8vo, 
Heap, Major D. P. Electrical Appliances 8vo, 

Heather, H. J. S. Electrical Engineering 8vo, 

Heaviside, O. Electromagnetic Theory. Vols. I and H. . . .8vo, each. 

Vol. HI 8vo, 

Heck, R. C. H. The Steam Engine and Turbine. . ., 8vo, 

Steam-Engine and Other Steam Motors. Two Volumes. 

Vol. I. Thermodynamics and the Mechanics 8vo, 

Vol. n. Form, Construction, and Working 8vo, 

Notes on Elementary Kinematics 8vo, boards, 

Graphics of Machine Forces 8vo, boards, 

Hedges, K. Modem Lightning Conductors 8vo, 

Heermann, P. Dyers' Materials. Trans, by A. C. Wright i2mo, 

Hellot, Macquer and D*Apligny. Art of Dyeing Wool, Silk and Cotton. 8vo, 

Henrici, O. Skeleton Structures 8vo, 

Hering, D. W. Essentials of Physics for College Students 8vo, 

Hering-Shaw, A. Domestic Sanitation and Plumbing. Two Vols. . . 8vo, 

Hering-Shaw, A. Elementary Science 8vo, 

Herrmann, G. The Graphical Statics of Mechanism. Trans, by A. P. 

Smith i2mo, 

Herzfeld, J. Testing of Yarns and Textile Fabrics 8vo, 
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Hildebrandt, A. Airships, Past and Present 8vo, *3 50 

flildenbrandy B. W. Cable-Making. (Science Series No. 32.) i6mo, o 50 

Hilditch, T. P. A Concise History of Chemistry lamo, *i 25 

Hill, J. W. The Purification of Public Water Supplies. New Edition. 

(In Press.) 

Interpretation of Water Analysis * (In Press.) 

Hiroi, I. Plate Girder Construction. (Science Series No. 95.) i6nio, 

Statically-Indeterminate Stresses i2mo, 

Hirshfeld, C. F. Engineering Thermodynamics. (Science Series No. 45.) 

i6mo, 
Hobait, H. M. Heavy Electrical Engineering Svo, 

Design of Static Transformers lamo, 

Electricity Svo^ 

Electric Trains 8vo, 

Hobarti H. M. Electric Propulsion of Ships 8vo, 

Hobart, J. F. Hard Soldering, Soft Soldering and Brazing i2mo, 

Hobbs, W. R. P. The Arithmetic of Electrical Measurements i2mo, 

Hoff, J. N. Paint and Varnish Facts and Formulas i2mo. 

Hole, W. The Distribution of Gas 8vo, 

Holley, A. L. Railway Practice folio, 

Holmes, A. B. The Electric Light Popularly Explained .... i2mo, paper, 

Hopkins, N. M. Experimental Electrochemistry ... 8vo, 

Model Engines and Small Boats i2mo, 

Hopkinson, J. . Shoolbred, J. N., and Day, R. £. Dynamic Electricity. 

(Science Series No. 71.) i6mo, 

Horner, J. Engineers' Turning 8vo, 

Metal Turning i2mo, 

Toothed Gearing z2mo, 

Houghton, C. E. The Elements of Mechanics of Materials i2mo, 

HouUevigue, L. The Evolution of the Sciences 8vo, 

Houstoun, R. A. Studies in Light Production i2mo, 

Howe, G. Mathematics for the Practical Man i2mo, 

Howorth, J. Repairing and Riveting Glass,. China and Earthenware. 

8vo, paper, 

Hubbard, E. The Utilization of Wood- waste 8vo, 

Hdbner, J. Bleaching and Dyeing of Vegetable and Fibrous Materials 

(Outlines of Industrial Chemistry) 8vo, 

Hudson, O. F. Iron and Steel. (Outlines of Industrial Chemistry.) . 8vo, 
Humper, W. Calculation of Strains in Girders i2mo, 

Humphreys, A. C. The Business Features of Engineering Practice . 8vO, 

Hunter, A. Bridge Work 8vo, (In Press.) 

Hurst, G. H. Handbook of the Theory of Color 8vo, 

Dictionary of Chemicals and. Raw Products 8vo, 

Lubricating Oils, Fats and Greases 8vo, 

Soaps 8vo, 

Hurst, G. H. Textile Soaps and Oils 8vo, 

Hurst, H. E., and Lattey, R. T. Text-book of Physics 8vo, 

Also published in three parts. 

Part I. Djrnamics and Heat *i 25 

Part n. Sound and Light *i 25 

Part HI. Magnetism and Electricity *i 50 
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Hutchinson, R. W., Jr. Long Distance Electric Power Transmission. 

i2mo, *3 00 
Hutchinson, R. W., Jr., and Ihlseng, M. C. Electricity in Mining . . i2nio, 

(In Press.) 
Hutchinson, W. B. Patents and How to Make Money Out of Them. , 

i2mo, 

Hutton, W. S. Steam-boiler Construction Svo, 

Practical Engineer's Handbook Svo, 

The Works' Manager's Handbook Svo, 

Hyde, E. W. Skew Arches. (Science Series No. 15.) i6mo, 

Hyde, F. S. Solvents, Oils, Gums, Waxes i2mo, (In Press.) 

Induction Coils. (Science Series No. 53.) i6mo. 

Ingle, H. Manual of Agricultural Chemistry Svo, 

Inness, C. H. Problems in Machine Design i2mo, 

Air Compressors and Blowing Engines i2mo, 

Centrifugal Pumps i2mo, 

The Fan i2mo, 

Isherwood, B. F. Engineering Precedents for Steam Machinery . . . Svo, 
Ivatts, E. B. Railway Management at Stations Svo, 

Jacob, A., and Gould, £. S. On the Designing and Construction of 

Storage Reservoirs. (Science Series No. 6) i6mo, 

Jamieson, A. Text Book on Steam and Steam Engines Svo, 

Elementary Manual on Steam and the Steam Engine i2mo, 

Jannettaz, E. Guide to the Determination of Rocks. Trans, by G. W. 

Piympton i2mo, 

Jehl, F. Manufacture of Carbons Svo, 

Jennings, A. S. Commercial Paints and Painting. (Westminster Series.) 

Sfo (In Press.) 

Jennison, F. H. The Manufacture of Lake Pigments Svo, 

Jepson, G. Cams and the Principles of their Construction Svo, 

Mechanical Drawing Svo (In Preparation.) 

Jockin, W. Arithmetic of the Gold and Silversmith i2mo, 

Johnson, G. L. Photographic Optics and Color Photography Svo, 

Johnson, J. H. Arc Lamps and Accessory Apparatus. (Installation 

Manuals Series.) i2mo, 

Johnson, T. M. Ship Wiring and Fitting. (Installation Manuals Series.) 

i2mo, 
Johnson, W. H. The Cultivation and Preparation of Para Rubber . . Svo, 

Johnson, W. McA. The Metallurgy of Nickel (In Preparation.) 

Johnston, J. F. W., and Cameron, C. Elements of Agricultural Chemistry 

and Geology i2mo, 

Joly, J. Radioactivity and Geology i2mo, 

Jones, H. C. Electrical Nature of Matter and Radioactivity i2mo, 

New Era in Chemistry i2mo. (In Press.) . 

Jones, M. W. Testing Raw Materials Used in Paint i2mo, ' *2 00 

Jones, L., and Scard, F. I. Manufacture of Cane Sugar Svo, '^ *5 00 

Jordan, L. C. Practical Railway Spiral i2mo, leather, *i 50 

Joynson, F. H. Designing and Construction of Machine Gearing . . Svo, 2 00 
Jiiptner, H. F. V. Siderology : The Science of Iron Svo, *5 00 
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Kansas City Bridge 4to, 6 oo 

Kapp,G. Alternate Current Machinery. (Science Series No. 96.).i6mo, o 50 

Electric Transmission of Energy i2mo, 3 50 

Keim, A. W. Prevention of Dampness in Buildings 8yo, *2 00 

Keller, S. S. Mathematics for Engineering Students. 1 2mo, half leather. 

Algebra and Trigonometry, with a Chapter on Vectors *i 75 

Special Algebra Edition *i .00 

Plane and Solid Geometry *i . 25 

Analytical Geometiy and Calculus *2 00 

Kelsey, W. R. Continuous-current Dynamos and Motors 8yo, *2 50 

Kemble, W. T., and Underbill, C. R. The Periodic Law and the Hydrogen 

Spectrum 8vo, paper, *o 50 

Kemp, J. F. Handbook of Rocks 8vo, *i 50 

Kendall, £. Twelve Figure Cipher Code 4to, *I2 50 

Kennedy, A. B. W., and Thurston, R. H. Kinematics of Machinery. 

(Science Series No. 54.) i6mo, o 50 

Kennedy, A. B. W., Unwin, W. C, and Idell, F. £• Compressed Air. ^ 

(Science Series No. 106.) i6mo, o 50 

Kennedy, R. Modem Engines and Power Generators. Six Volumes. 4to, 15 00 

Single Volumes each, 3 00 

Electrical Installations. Five Volumes 4to, 15 00 

Single Volumes each, 3 50 

Flying Machines; Practice and Design i2mo, *2 00 

Principles of Aeroplane Construction 8vo, *i 50 

Kennelly, A. E. Electro-dynamic Machinery 8vo, i 50 

Kent, W. Strength of Materials. (Science Series No. 41.) i6mo, o 50 

Kershaw, J. B. C. Fuel, Water and Gas Analysis 8vo, *2 50 

Electrometallurgy. (Westminster Series.) 8vo, *2 00 

The Electric Furnace in Iron and Steel Production i2mo, *i 50 

Kinzbrunner, C. Alternate Current Windings 8vo, *i 50 

Continuous Current Armatures 8vo, *i 50 

Testing of Alternating Current Machines 8vo, *2 00 

Kirkaldy, W. G. David Kirkaldy's System of Mcehanical Testing. .4to, 10 00 

Kirkbride, J. Engraving for Illustration 8vo, *i 50 

Kirkwood, J. P. Filtration of River Waters 4to, 7 50 

S[irschke, A. Gas and Oil Engines i2mo, *i 25 

Klein, J. F. Design of a High-speed Steam-engine 8vo, *5 00 

Physical Significance of Entropy • . . • • 8vo, *i 50 

Kleinhans, F. B. Boiler Construction • 8vo, 3 00 

Knight, R.-Adm. A. M. Modem Seamanship 8vo, *7 50 

Half morocco *9 00 

Knox, J. Physico-chemical Calculations i2mo, *i 00 

Knox, W. F. Logarithm Tables (In Preparation.) 

Knott, C. G., and Mackay, J. S. Practical Mathematics .8vo, 2*00 

Koester, F. Steam-Electric Power Plants 4to, *$ 00 

Hydroelectric Developments and Engineering 4to, *$ 00 

Koller, T. The Utilization of Waste Products 8vo,*3 50 

Cosmetics 8vo, *2 50 

Kremann, R. Technical Processes and Manufacturing Methods. Trans. 

by H. E. Potts 8vo, 

Kretchmar, K. Yam and Warp Sizing 8vo, *4 00 
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Lallier, £. V. Elementary Manual of the Steam Engine lamo, 

Lambert, T. Lead and Its Compounds 8yo, *3 50 

Bone Products and Manures 8vo, *s 00 

Lambom, L. L. Cottonseed Products 8vo, *3 00 

Modem Soaps, Candles, and Glycerin 8vo, *7 50 

Lamprecht, R. Recovery Work After Pit Fires. Trans, by C. Salter . 8vo, *4 00 
Lanchester, F.. W. . Aerial Flight. Two Voltunes. 8vo. 

Vol. I. Aerodynamics *6 00 

Aerial Flight. . Vol. n. Aerodonetics *6.oo 

Lamer, E. T. Principles of Alternating Currents i2mo. *i 25 

Larrabee, C. S. Cipher and Secret Letter and Telegraphic Code. i6mo, o 60 

La Rue, B. F. Swing Bridges. (Science Series No. 107.) i6mo, o 5a 

Lassar-Cohn. Dr.. Modem Scientific Chemistry. Trans, by M. M. 

Patttson Muir i2mo, *^ oe 

Latimer, L. H., Field, C. J., and Howell, J. W. Incandescent Electric 

Lighting. (Science Series No. 57.) i6mo, o 50 

Latta, M. N. Handbook of American Gas-Engineering Practice . . . 8yo, ^4 50 

American Producer Gas Practice 4to, ^6 00 

Leask, A. R. Breakdowns at Sea i2mo, 2 00 

Refrigerating Machinery x2mo, 2 00 

Lecky, S. T. S. .*.* Wrinkles " in Practical Navigation 8vo, *8 00 

Le Douz, M. . leer Making Machines. (Science Series No. 46.) . . i6mo, o 50 

Leeds, C. C. Mechanical Drawing for Trade Schools oblong 4to, 

High School Edition *i 25 

Machinery Trades Edition *2 .00 

Lef^vre, L. Architectural Pottery. Trans, by H. K. Bird and W. M. 

Binna 4to, *7 50 

Lehner, S. Ink Manufacture. Trans, by A. Morris and H. Robson . 8vo, *2 50 

Lemstrom, S. . Electricity in Agruiclture and Horticulture 8vo, *i 50 

Le Van, W. B. Steam-Engine Indicator. (Science Series No. 78.)i6mo, 50 
Lewes, V. B. . Liquid and Gaseous Fuels. (Westminster Series.) . .8vo, *2 00 

Carbonization of Coal 8vo, *3 00 

Lewis, L. P. Railway Signal Engineering 8vo, *3 50 

Lieber, B. F. Xijeher.'s Stanjdard Telegraphic Code 8vo, *io 00 

Code. . German Edition 8vo, *io 00 

Spanish Edition 8vo, *io 00 

French Edition 8vo, *io 00 

Terminal .Index 8vo, *2 50 

Lieber's. Appendix folio, *i5 00 

Handy Tables 4to, *2 50 

Bankers .and. Stockbrokers' Code and Merchants and Shippers' 

Blank Tables 8vo, *is 00 

100,000,000 Combination Code 8vo, *io 00 

Engineering Code 8vo, *i2 50 

Livermore, V. P., and Williams, J. How to Become a Competent Motor- 
man..^ .V i2mo, *i 00 

Liversedge, A. J.. . Commercial Engineering 8vo, *3 00 

Livingstone, R. . Design and Construction of Commutators 8vo, *2 25 

Lobben, P. Machinists' and Draftsmen's Handbook 8vo, 2 50 

Locke, A. G. and C.G. Manufacture of Sulphuric Acid 8vo, 10 00 

Lockwood, T. D. Electricity, Magnetism, and Electro-telegraph , . . . 8vo, 2 50 
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Lockwood, T. D. Electrical Measurement and the Galvanometer. 

i2mo, o 75 

Lodge, O. J. Elementary Mechanics i2mo, i 50 

Signalling Across Space without Wires 8vo, *2 00 

Loewenstein, L. C, and Crissey, C. P. Centrifugal Pumps *4 50 

Lord, R. T. Decorative and Fancy Fabrics 8vo, *3 50 

Loring, A. £. A Handbook of the Electromagnetic Telegraph .... i6mo, o 50 

Handbook. (Science Series No. 39.) i6mo, o 50 

Low, D. A. Applied. Mechanics (Elementary) i6mo, o 80 

Lubschez, B. J. Perspective i2mo, *i 50 

Lucke, C. E. Gas Engine Design 8vo, *3 00 

Power Plants: Design, Efficiency, and Power Costs. 2 vols. 

(In Preparation.) 

Lunge, G. Coal-tar and Ammonia. Two Volumes 8vo, *i5 00 

Manufacture of Sulphuric Acid- and Alkali. Four Volumes .... 8vo, 

Vol. L &ilphuric Acid. Jn three parts *i8 00 

Vol. IL Salt Cake, Hydrochloric Acid and Leblanc Soda. In two 

parts.- , , * *i5 . 00 

Vol. m. Ammonia Soda *io 00 

Vol. IV. Electrolytic Methods (In Press.) 

Technical Chemists' Handbook i2mo, leather, *3 50 

Technical Methods of Chemical Analysis. Trans by C. A. Keane. 

in collaboration with the corps of specialists. 

VoL 1. In two parts 8vo, *i5 00 

VoL n. In two parts 8vo, *i8 00 

Vol. in (In Preparation.) 

Lupton, A., Parr, G. D. A., and Perkin, H. Electricity as Applied to 

Mining . . , , 8vo, *4 50 

Luquer, L. M. .Minerals in Rock Sections 8vo, *i 50 

Macewen, H. A . Food Inspection 8vo, *2 50 

Mackenzie, N. F. Notes on Irrigation Works 8vo, *2 50 

Mackie, J. How to Make a Woolen Mill Pay 8vo, *2 00 

Mackrow, C. Naval Architect's and Shipbuilder's Pocket-book. 

i6mo, leather, 5 00 

Maguire, Wm. R.. Domestic Sanitary Drainage and Plumbing . . . .8vo, 4 00 
Mallet, A. Compoimd Engines. Trans, by R. R. Buel. (Science Series 

No. 10.) i6mo, 

Mansfield, A..N. • .Electro-magnets. (Science Series No. 64.) . . . i6mo, o 50 

Marks, E. C. R. • Construction of Cranes and Lifting Machinery . i2mo, *i 50 

Construction 4md Wxxrking. of Pumps i2mo, *i 50 

Manufacture ^o£ Iron and Steel Tubes- i2mo, *2 00 

Mechanical Engineering Materials i2mo, *i 00 

Marks, G. C. Hydraulic Power Engineering 8vo, 3 50 

Inventions, Patents and Designs i2mo, *i 00 

Marlow, T. G. Drying Machinery and Practice 8vo, "^5 00 

Marsh,. C. F.- . Concise .Treatise on Reinforced Concrete 8vo, *2 50 

Reinforced Concrete Compression Member Diagram. Moimted on 

Cloth Boards *i .50 

Marsh, C. F., and Dunn, W. Manual of Reinforced Concrete and Con- 
crete Block Construction i6mo, morocco, *2 50 
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Marshall, W. J., and Sankey, H. R, Gas Engines. (Westminster Series.) 

8to, 

Martin, G. Triumphs and Wonders of Modem Chemistry 8vo, 

Martin, N. Properties and Design of Reinforced Concrete lamo, 

Massie, W. W., and Underhill, C. R. Wireless Telegraphy and Telephony. 

lamo, 
Matheson, D. Australian Saw-Miller's Log and Timber Ready Reckoner. 

lamo, leather, 

Mathot, R. E. Internal Combustion Engines 8vo, 

Maurice, W. Electric Blasting Apparatus and Explosives Svo, 

Shot Firer's Guide Svo, 

Maxwell, J. C. Matter and Motion. (Science Series No. 36.). 

i6mo. 
Maxwell, W. H., and Brown, J. T. Encyclopedia of Muncipal and Sani- 
tary Engineering .4to, 

Mayer, A. M. Lecture Notes on Physics Svo, 

McCuUough, R. S. Mechanical Theory of Heat Svo, 

Mcintosh, J. G. Technology of Sugar Svo, 

Industrial Alcohol Svo, 

Manufacture of Varnishes and Kindred Industries. Three Volumes. 

Svo. 

Vol. I. Oil Crushing, Refining and Boiling "^3 5o 

Vol. n. Varnish Materials and Oil Varnish Making *4 00 

Vol. in. Spirit Varnishes and Materials *4 50 

McEjiight, J. D., and Brown, A. W. Marine Multitubular Boilers 

McMaster, J. B. Bridge and Tunnel Centres. (Science Series No. ao.) 

i6mo, 

McMechen, F. L. Tests for Ores, Minerals and Metals xamo, 

McNeill, B. McNeiU's CodP Svo, 

Mcpherson, J. A. Water- works Distribution Svo, 

Melick, C. W. Dairy Labora:(Qry Guide xamo, 

Merck, E. Chemical Reagents; Their Purity and Tests Svo, 

Merritt, Wm. H. Field Testing for Gold and Silver x6mo, leather, x 50 

Messer, W. A. Railway Permanent Way Svo (In Press,) 

Meyer, J. G. A., and Pecker, C. G. Mechanical Drawing and Machine 

Design 4to, 

Michell, S. Mine Drainage Svo, 

Mierzinski, S. Waterproofing of Fabrics. Trans, by A. Morris and H-. 

Robson Svo, 

Miller, G. A. Determinants. (Science Series No X05.) x6mo, 

Milroy, M. E. W. Home Lace-making xamo, 

Minifie, W. Mechanical Drawing • Svo, 

Mitchell, C. A. Mineral and Aerated Waters Svo, 

Mitchell, C. A., and Prideaux, R. M. Fibres Used in Textile and Allied 

Industries Svo, *3 00 

Mitchell, C. F., and G. A. Building Construction and Drawing, xamo. 

Elementary Course , *x 50 

Advanced Course *a 50 

Monckton, C. C. F. Radiotelegraphy. (Westminster Series.) Svo, *a 00 

Monteverde, R. D. Vest Pocket Glossary of English- Spanish, Spanish- 
English Technical Terms 64mo, leather, ^x 00 
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Moore, E. C. S. New Tables for the Complete Solution of Ganguillet and 

Kutter's Formula 8vo, ^5 oo 

Morecrofty J. H., and Hehre, F. W. Short Course in Electrical Testing. 

8vo, *i 50 
Moreing, C. A., and Neal, T. New General and Mining Telegraph Code. 

8vo, *5 00 

Morgan, A. P. Wireless Telegraph Apparatus for Amateurs i2mo, *i 50 

Moses, A. J. The Characters of Crystals 8vo, *2 00 

Moses, A. J., and Parsons, C. L. Elements of Mineralogy 8yo, *2 50 

Moss, S. A. Elements of Gas Engine Design. (Science Series No. 121.) i6mo, o 50 

The Lay-out of Corliss Valve Gears. (Science Series No. 1 19.) i6mo, 50 

Mulford, A. C. Boundaries and Landmarks lamo, *i 00 

MuUin, J. P. Modem Moulding and Pattern-making i2mo, 2 50 

Munby, A. E. Chemistry and Physics of Building Materials. (West- 
minster Series.) 8vo, *2 00 

Murphy, J. G. Practical Mining i6mo, i 00 

Murphy. W. S. Textile Industries. Eight Volumes *20 00 

Murray, J. A. Soils and Manures. (Westminster Series.) 8yo, *2 00 

Naquet, A. Legal Chemistry i2mo, 2 00 

Nasmith, J. The Student's Cotton Spinning 8yo, 3 00 

Recent Cotton Mill Construction i2mo, 2 00 

Neave, G. B., and Heilbron, I. M. Identification of Organic Compounds. 

i2mo, ^x 25 

Neilson, R. M. Aeroplane Patents 8vo, *2 00 

Nerz, F. Searchlights. Trans, by C. Rodgers 8vo, *3 00 

Nesbit, A. F. Electricity and Magnetism {In Preparation.) 

Neuberger, H., and Noalhat, H. Technology of Petroleum. Trans, by 

J. G. Mcintosh Svo, *io 00 

Newall, J. W. Drawing, Sizing and Cutting Bevel-gears 870, x 50 

Nicol, G. Ship Construction and Calculations 8vo, *4 50 

Nipher, F. E. Theory of Magnetic Measurements x2mo, i 00 

Nisbet, H. Grammar of TeztUe Design 8vo, *3 00 

Nolan, H. The Telescope. (Science Series No. 51.) x6mo, o 50 

Noli, A. How to Wire Buildings i2mo, x 50 

North, H. B. Laboratory Notes of Experiments in General Chemistry. 

(In Press.) 

Nugent, E. Treatise on Optics • • . . x2mo, x 50 



• 



O'Connor, H. The Gas Engineer's Pocketbook x2mo, leather, 3 50 

Petrol Air Gas x2mo, *o 75 

Ohm, G. S., and Lockwood, T. D. Galvanic Circuit. Translated by 

William Francis. (Science Series No. 102.) i6mo, o 50 

Olsen, J. C. Text-book of Quantitative Chemical Analysis 8vo, *4 00 

Olsson, A. Motor Control, in Turret Turning and Gun Elevating. (XJ. S. 

Navy Electrical Series, No. i.) i2mo, paper, *o 50 

Oudin, M. A. Standard Polyphase Apparatus and Systems 8vo, *3 00 

Pakes, W. C. C, and Nankivell, A. T. The Science of Hygiene . .8vo, *i 75 

Palaz, A. Industrial Photometry. Trans, by G. W. Patterson, Jr. . 8vo, *4 00 

Pamely, C. Colliery Manager's Handbook .•.•••..•••••#.. .8vo, *xo 00 
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Parker, P. A. M. The Control of Water 8vo (/n Press.) 

Parr, G. D. A. Electrical Engineering Measuring Instruments 8vo, * 3 50 

Parry, £. J. Chemistry of Essential Oils and Artificial Perfumes. . .8vo, *$ 00 

Foods and Drugs. Two Volumes 8vo, 

Vol. I. Chemical and Microscopical Analysis of Foods and Drugs. *7 50 

Vol. n. Sale of Food and Drugs Act *3 00 

Parry, E. J., and Coste, J. H. Chemistry of Pigments 8yo, *4 50 

Parry, L. A. Risk and Dangers of Various Occupations 8yo, *3 00 

Par^iall, H. F., and Hobart, H. M. Armature Windings 4to, *7 50 

Electric Railway Engineering 4to, *io 00 

Parshall, H. F., and Parry, E. Electrical Equipment of Tramways. . . . (/n Press.) 

Parsons, S. J. Malleable Cast Iron 8vo, *2 50 

Partington, J. R. Higher Mathematics for Chemical Students. .i2mo, 

— Textbook of Thermodynamics 8vo (In Press.) 

Passmore, A. C. Technical Terms Used in Architecture 8vo, 

Patchell, W. H. . Electric Power in Mines 8vo,^ 

Paterson, O. Wx !<• Wiring Calculations i2mo, 

Patterson, D. . The Color Printing of Carpet Yarns 8vo, 

Color Matching on Textiles 8vo, 

The Science of Color Mixing 8vo, 

Paulding, C. P. Condensation of Steam in Covered and Bare Pipes. .8vo, 

Transmission of Heat through Cold-storage Insulation i2mo, 

Payne, D. W. Iron Founders' Handbook {In Press,) 

Peddle, R. A. Engineering and Metallurgical Books i2mo, 

Peirce, B. Syi^tem.of Analytic Mechanics 4to, 

Pendred, V. The Railway Locomotive. (Westminster Series.) 8vo, 

Perkir4, F. M. Practical Methods of Inorganic Chemistry i2mo, 

Perrigo, O. E. Change Gear Devices 8vo, 

Perrine, F. A*. C* . . Conductors for Electrical Distribution 8vo, 

Perry, J. Applied Mechanics 8vo, 

Petit, G. Whit^ L^ad ^nd Zinc White Paints 8vo, 

Petit, R. How tQ .Q^U4 f^. Aeroplane. Trans, by T. O'B. Hubbard, and 

J. H..]^9d^boc;r 8vo, 

Pettit, Lieut J.S.. . Graphic Processes. (Science Series No. 76.) . . . i6mo, 
Philbrick, P. H, Beams and Girders. (Science Series No. 88.) . . . i6mo, 

Phillips, J. Engineering Chemistry 8vo, 

Gold Assaying 8vo, 

Dangerous .Goo4s...^, ,, . ,,,,., . . . , .,,... ^ 8vo, 

Phin, J. Seven Follies of Soience z2mo, 

Pickworth, C. N. The Indicator Handbook. Two Volumes. . i2mo, each, 
— — Logarithms for Beginners. ........ . . . . ..... i2mo^ boards, 

The Slide Rule i2mo, 

Plattner's Manual of Blow-pipe Analysis. Eighth Edition, revised. Trans. 

by H. B. Cornwall 8vo, 

Plympton, G. W. The Aneroid Barometer. (Science Series No. 35.) i6mo, 

How to become an Engineer. (Science Series No. 100.) z6mo, 

Van Noslrand's Table Book. (Science Series No. 104.) i6mo, 

Pochet, M. L. Steam Injectors. Translated from the French. (Science 

Series No. 29.) i6mo. 

Pocket Logarithms to Four Places. (Science Series No. 65.) i6mo, 

leather, 
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Polleyn, F. Dressings and Finishings for Textile Fabrics 8yo, *3 oo 

Pope, F. G. Organic Chemistry i2mo, *2 25 

Pope, F. L. Modern Practice of the Electric Telegraph 8vo, i 50 

Popple well, W. C. Elementary Treatise on Heat and Heat Engines. . i2mo, - *3 00 

Prevention of Smoke 8vo, *3 50 

Strength of Materials 8vo, *i 75 

Porter, J. R. Helicopter Flying Machine i2mo, *i 25 

Potter, T. Concrete 8vo, *3 00 

Potts, H. £. Chemistry of the Rubber Industry. (Outlines of Indus- 
trial Chemistry) 8vo, ^2 00 

Practical Compounding of Oils, Tallow and Grease 8vo, *$ 50 

Practical Iron Founding X2mo, i 50 

Pratt, K. Boiler Draught i2mo, ^z 25 

Pray, T., Jr. Twenty Years with the Indicator 8vo, 2 50 

Steam Tables and Engine Constant 8vo, 2 00 

Calorimeter Tables 8vo, z 00 

Preece, W. H. Electric Lamps (In Press.) 

Prelini, C. Earth and Rock Excavation 8vo, *3 00 

Graphical Determination of Earth Slopes 8vo, *2 00 

Tunneling. New Edition 8vo, *3 00 

Dredging. A Practical Treatise 8vo, *3 00 

Prescott, A. B. Organic Analysis 8vo, 5 co 

Prescott, A. B., and Johnson, 0. C. Qualitative Chemical Analysis. . .8vo, *3 50 
Prescott, A. B., and Sullivan, £. C. First Book in Qualitative Chemistry. 

i2mo, *x 50 

Prideaux, E. B. R. Problems in Physical Chemistry 8vo, *2 00 

Pritchard, O. G. The Manufacture of Electric-light Carbons. .8vo, paper, *o 60 
Pullen, W. W. F. Application of Graphic Methods to the Design of 

Structures i2mo, *2 50 

Injectors: Theory, Construction and Working i2mo, *x 50 

Pulsifer, W. H. Notes for a History of Lead 8vo, 4 00 

Purchase, W. R. Masonry i2mo, *3 00 

Putsch, A. Gas and Coal-dust Firing 8vo, *3 00 

Pjmchon, T. R. Introduction to Chemical Physics 8vo, 3 00 

Rafter G. W. Mechanics of Ventilation. (Science Series No. 33.} . i6mo, o 50 

Potable Water. (Science Series No. X03.) i6mc 50 

Treatment of Septic Sewage. (Science Series No. 118.) i6mo 50 

Rafter, G. W., and Baker, M. N. Sewage Disposal in the United States. 

4to, *6 00 

Raikes, H. P. Sewage Disposal Works 8vo, *4 00 

Railway Shop Up-to-Date 4to, 2 00 

Ramp, H. M. Foundry Practice {In Press.) 

Randall, P. M. Quartz Operator's Handbook i2mo, 2 00 

Randau, P. Enamels and Enamelling 8vo, ^4 00 

Rankine, W. J. M. Applied Mechanics 8vo, 5 00 

Civil Engineering 8vo, 6 50 

Machinery and Millwork 8vo, 5 ao 

The Steam-engine and Other Prime Movers 8 vo, $ 00 

Useful Rules and Tables 8vo, 4 00 

Rankine, W. J. M., and Bamber, E. F« A Mechanical Text-book. . . .8vo, 3 50 
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Raphael, F. C. Localization of Faults in Electric Light and Power Mains. 

Svo, 

Rasch, E. Electric Arc Phenomena. Trans, hy K. Tomberg .{In Press.) 

Rathbone, R. L. B. Simple Jewellery 8vo, 

Rateau, A. Flow of Steam through Nozzles and Orifices. Trans, by H. 

B. Brydon 8vo, 

Raasenberger, F. The Theory of the Recoil of Guns 8vo, 

Rautenstrauch, W. Notes on the Elements of Machine Design. Svo, boards, 
Rautenstrauch, W., and Williams, J. T. Machine Drafting and Empirical 

Design. 

Part I. Machine Drafting 8vo, 

Part n. Empirical Design {In Preparation.) 

Raymond, E. B. Alternating Current Engineering x2mo, 

Rayner, H. Silk Throwing and Waste Silk Spinning 8yo, 

Recipes for the Color, Paint, Varnish, Oil, Soap and Drysaltery Trades. 8yo, 

Recipes for Flint Glass Making i2mo, 

Redfem, J. B., and Savin, J. Bells, Telephones (Installation Manuals 

Series.) i6mo, 

Redwood, B. Petroleum. (Science Series No. 92.) x6mo. 

Reed, S. Turbines Applied to Marine Propulsion 

Reed's Engineers' Handbook Svo, 

Key to the Nineteenth Edition of Reed's Engineers' Handbook. .8vo, 

Useful Hints to Sea-going Engineers lamo, 

Marine Boilers. lamo, 

Guide to the Use of the Slide Valve ximo, 

Reinhardt, C. W. Lettering for Draftsmen, Engineers, and Students. 

oblong 4to, boards, 

The Technic of Mechanical Drafting oblong 4to, boards. 

Reiser, F. Hardening and Tempering of SteeL Trans, by A. Morris and 

H. Robson i2mo, ♦a 50 

Reiser, N. Faults in the Manufacture of Woolen Goods. Trans, by A. 

Morris and H. Robson 8vo, 

Spinning and Weaving Calculations 8vo, 

Renwick, W. G. Marble and Marble Working 8vo, 

Reynolds, 0., and Idell, F. E. Triple Expansion Engines. (Science 

Series No. 99.) i6mo, 

Rhead, G. F. Simple Structural Woodwork i2mo. 

Rice, J. M., and Johnson, W. W. A New Method of Obtaining the Differ- 
ential of .functions i2mo, 

Richards, W. A., and North, H. B. Manual of Cement Testing. . . . lamo, 

Richardson, J. The Modern Steam Engine 8vo, 

Richardson, S. S. Magnetism and Electricity i2mo, 

Rideal, S. Glue and Glue Testing 8vo, 

Rimmer, E. J. Boiler Explosions, Collapses and Mishaps 8vo, 

Rings, F. Concrete in Theory and Practice i2mo, 

Reinforced Concrete Bridges 4^0, 

Ripper, W. Course of Instruction in Machine Drawing folio, 

Roberts, F. C. Figure of the Earth. (Science Series No. 79.) i6mo, 

Roberts, J., Jr. Laboratory Work in Electrical Engineering 8vo, 

Robertson, L. S. Water-tube Boilers 8vo, 

Robinson, J. B. Architectural Composition 8vo, 
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Robinson, S. W. Practical Treatise on the Teeth of Wheels. (Science 

Series No. 24.) i6mo, o 50 

Railroad Economics. (Science Series No. 59.) x6mo, 50 

Wrought Iron Bridge Members. (Science Series No. 60.) i6mo, o 50 

Robson, J. H. Machine Drawing and Sketching 8vo, *z 50 

Koebling, J A. Long and Short Span Railway Bridges folio, 25 00 

Rogers, A. A Laboratory Guide of Industrial Chemistry i2mo, *i 50 

Rogers, A., and Aubert, A. B. Industrial Chemistry. 8vo, *5 00 

Rogers, F. Magnetism of Iron Vessels. (Science Series No. 30.) . i6mo, o 50 
Rohland, P. Colloidal and Crystalloidal State of Matter. Trans, by 

W. J. Britland and H. £. Potts i2mo, *i 25 

Rollins, W. Notes on X-Light 8vo, *5 00 

RoUinson, C. Alphabets Oblong, i2mo, *i 00 

Rose, J. The Pattern-makers' Assistant 8vo, 2 50 

Key to Engines and Engine-running z2mo, 2 50 

Rose, T. K. The Precious Metals. (Westminster Series.) 8vo, *2 00 

Rosenhain, W. Glass Manufacture. (Westminster Series.) 8vo, *2 00 

Ross, W. A. Blowpipe in Chemistry and Metallurgy i2mo, *2 00 

Rossiter, J. T. Steam Engines. (Westminster Series.) . .8vo (In Press.) 

Pumps and Pumping Machinery. (Westminster Series.) 870, 

(In Press.) 

Roth. Physical Chemistry 8vo, *2 00 

Rouillion, L. The Economics of Manual Training 8vo, 2 00 

Rowan, F. J. Practical Physics of the Modem Steam-boiler 8vo, *3 00 

Rowan, F. J., and Idell, F. E. Boiler Incrustation and Corrosion. 

(Science Series No. 27.) i6mo, o 50 

Roxburgh, W. General Foundry Practice 8vo, *3 50 

Ruhmer, E. Wireless Telephony. Trans, by J. Erskine-Murray . . 8vo, *3 50 

Russell, A. Theory of Electric Cables and Networks 8vo, *3 00 

Sabine,«R. History and Progress of the Electric Telegraph i2mo, i 25 

Saeltzer, A. Treatise on Acoustics i2mo, i 00 

Salomons, D. Electric Li^t Installations. i2mo. 

Vol. L The Management of Accumulators 2 50 

VoL n. Apparatus. 2 25 

VoL m. Applications i 50 

Sanford, P. G. Nitro-explosives 8vo, *4 00 

Saunders, C. H. Handbook of Practical Mechanics i6mo, i 00 

leather, i 25 

Saunnier, C. Watchmaker's Handbook i2mo, 3 00 

Sayers, H. M. Brakes for Tram Cars 8vo, '^i 25 

Scheele, C. W. Chemical Essays 8vo, *2 00 

Scheithauer, W. Shale Oils and Tars 8vo, ^^3 50 

Schellen, H. Magneto-electric and Dynamo-electric Machines 8yo, 5 00 

Scherer, R. Casein. Trans, by C. Salter 8vo, *3 00 

Schidrowitz, P. Rubber, Its Production and Industrial Uses 8yo, *s 00 

Schindler, K, Iron and Steel Construction Works i2mo, *i 25 

Schmall, C. N. First Course in Analytic Geometry, Plane and Solid. 

i2mo, half leather, *i 75 

Schmall, C. N., and Shack, S. M. Elements of Plane Geometry. . . i2mo, '^125 

Schmeer, L. Flow of Water 8vo, *3 00 
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Schumann, F. A Manual of Heating and Ventilation .... i2mo, leather, i 50 

Schwarz, E. H. L. Causal Geology 8vo, 

Schweizer, V. Distillation of Resins Svo, 

Scott, W. W. Qualitative Analysis. A Laboratoxy Manual Svo, 

Scribner, J. M. Engineers' and Mechanics' Companion. . . i6mo, leather, 

Searle, A. B. Modem Brickmaking Svo, 

Searle, G. M. " Sumners' Method." Condensed and Improved. 

(Science Series No. 124.) i6mo, 

Seaton, A. E. Manual of Marine Engineering Svo, 

Seaton, A. E., and Rounthwaite, H. M. Pocket-book of Marine Engineer- 
ing i6mo, leather, 3 00 

Seeligmann, T., Torrilhon, G. L., and Falconnet, H. India Rubber and 

Gutta Percha. Trans, by J. G. Mcintosh Svo, 

Seidell, A. Solubilities of Inorganic and Organic Substances Svo, 

Sellew, W. H. Steel Rails 4to, ♦12 50 

Senter, G. Outlines of Physical Chemistry i2mo, 

Text-book of Inorganic Chemistry i2mo. 

Sever, G. F. Electric Egnineering Experiments Svo, boards. 

Sever, G. F., and Townsend, F. Laboratory and Factory Tests in Elec- 
trical Engineering '. Svo, 

Sewall, C. H. Wireless Telegraphy Svo, 

Lessons in Telegraphy i2mo, 

Sewell, T. Elements of Electrical Engineering Svo, 

The Construction of Djmamos Svo, 

Sexton, A. H. Fuel and Refractory Materials i2mo, 

Chemistry of the Materials of Engineering i2mo, 

Alloys (Non-Ferrous) Svo, 

The Metallurgy of Iron and Steel Svo, 

Sesrmour, A. Practical Lithography Svo, 

- — Modem Printing Inks Svo, 

Shaw, Henry S. H. Mechanical Integrators. (Science Series No. S3.) 

i6mo, 

Shaw, P. E. Course of Practical Magnetism and Electricity Svo, 

Shaw, S. History of the Staffordshire Potteries Svo, 

Chemistry of Compounds Used in Porcelain Manufacture . . . .Svo, 

Shaw, W. N. Forecasting Weather . ...:.:.; Svo, 

Sheldon, S., and Hausmann, E. Direct Current Machines i2mo, 

Alternating Current Machines i2mo, 

Sheldon, S., and Hausmann, E. Electric Traction and Transmission 

Engineering. .....•.:::.:;.* i2mo, 

Sheriff, F. F. Oil Merchants' Manual i2mo. 

Shields, J. E. Notes on Engineering Construction i2mo, 

Shreve, S. H. Strength of Bridges and Roofs Svo, 

Shunk, W. F. The Field Engineer i2mo, morocco, 

Simmons, W. H., and Appleton, H. A. Handbook of Soap Manufacture. 

Svo, 

Simmons, W. H., and Mitchell, C. A. Edible Fats and Oils Svo, 

Simms, F. W. The Principles and Practice of Levelling Svo, 

Practical Tunneling Svo, 

Simpson, G. The Naval Cnostructor i2mo, morroco, *5 00 

Simpson, W. Fotmdations .....:...:...:..... Svo {In Press.) 
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Sinclair, A. Development of the Locomotive Engine. . . 8vo, half leather, 

Twentieth Century Locomotive 8vo, half leather, 

Sindall, R. W., and Bacon, W. N. The Testing of Wood Pulp 8vo, 

Sindall, R. W. Manufacture of Paper. (Wesmtinster Series.) .... 8vo, 

Sloane, T. O'C. Elementary Electrical Calculations iimo. 

Smith, C. A. M. Handbook of Testmg, IfATERIALS 8vo, 

Smith, C. A. M., and Warren, A. G. New Steam Tables 8vo, 

Smith, C. F. Practical Alternating Currents and Testing 8vo, 

Practical Testing of Dynamos and Motors 8vo, 

Smith, F. E. Handbook of General Instruction for Mechanics . . . i2mo. 

Smith, J. C. Manufacture of Paint 8vo, 

Paint and Painting Defects 

Smith, R. H. Principles of Machine Work iimo, 

Elements of Machine Work i2mo, 

Smith, W. Chemistry of Hat Manufacturing lamo, 

Snell, A. T. Electric Motive Power, 8vo, 

Snow, W. G. Ppcketbook of Steam Heating and Ventilation. (In Press.) 
Snow, W. G., and Nolan, T. Ventilation of Buildings. (Science Series 

No. 5.) i6mo, 

Soddy, F.. Radioactivity 8vo, 

Solomon, M. Electric Lamps. (Westminster Series.) 8vo, 

Sothem, J. W. The Marine Steam Turbine 8vo, 

Southcombe, J. E. Chemistry of the Oil Industries. (Outlines of In- 
dustrial Chemistry.) . . ... , 8vo, 

Sozhlet, D. H. Dyeing and Staining Marble. Trans, by A. Morris and 

H. Robson 8vo, 

Spang, H. W. A Practical Treatise on Lightning Protection lamo, 

Spangenburg, L. Fatigue of Metals. Translated by S. H. Shreve. 

(Science Series No. 23.) i6mo, o 50 

Specht, G. J., Hardy, A. S., McMaster, J. B., and Walling. Topographical 

Surveying. (Science Series No. 72.) i6mo, 

Speyers, C. L. Text-book of Physical Chemistry 8vo, 

Stahl, A. W. Transmission of Power. (Science Series No. 28.) . i6mo, 

Stahl, A. W., and Woods, A. T. Elementary Mechanism i2mo, 

Staley, C, and Pierson, G. S. The Separate System of Sewerage. . .8vo, 

Standage, H. C. Leatherworkers' Manual 8vo, 

Sealing Waxes, Wafers, and Other Adhesives 8vo, 

Agglutinants of all Kinds for all Purposes i2mo, 

Stansbie, J. H. Iron and Steel. (Westminster Series.) 8vo, 

Steadman, F. M. Unit Photography and Actinometry (In Press.) 

Steinman, D. B. Suspension Bridges and Cantilevers. (Science Series 

No. 127.) o 

Stevens, H. P. Paper Mill Chemist i6mo, 

Stevenson, J. L. Blast-Fumace Calculations i2mo, leather, 

Stewart, A. Modem Polyphase Machinery i2mo, 

Stewart, G. Modern Steam Traps i2mo, 

Stiles, A. Tables for Field Engineers i2mo, 

Stillman, P. Steam-engine Indicator i2mo, 

Stodola, A. Steam Turbines. Trans, by L. C. Loewenstein 8vo, 

Stone, H. The Timbers of Commerce 8vo, 

Stone, Gen. R. . New Roads and Road Laws i2mo, 
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Stopes, M. Ancient Plants 8vo, *2 oo 

The Study of Plant Life 8vo, *2 oo 

Stumpf, Prof. Una-Flow of Steam Engine 4to, *3 50 

Sudborough, J. J., and James, T. C. Practical Organic Chemistry. . 1 2mo, *2 00 

SuflUng, £. R. Treatise on the Art of Glass Painting 8vo, *3 50 

Suggate, A. Elements of Engineering Estimating lamo, *i 50 

Swan, K. Patents, Designs and Trade Marks. (Westminster Series.). 

8vo, *2 00 

Sweet, S. H. Special Report on Coal 8yo, 3 00 

Swinburne, J., Wordingham, C. H., and Martin, T. C. Electric Currents. 

(Science Series No. zog.) i6mo, o 50 

Swoope, C. W. Lessons in Practical Electricity i2mo, *2 00 

Tailfer, L. Bleaching Linen and Cotton Yam and Fabrics 8vo, *5 00 

Tate, J. S. Surcharged and Different Forms of Retaining-walls. (Science 

Series No. 7.) x6mo, o 50 

Taylor, E. N. Small Water Supplies zimo, *2 00 

Templeton, W. Practical Mechanic's Workshop Companion. 

i2mo, morocco, 2 00 
Teny, H. L. India Rubber and its Manufacture. (Westminster Series.) 

8to, *2 00 
Thayer, H. R. Structural Design. 8yo. 

VoL L Elements of Structural Design *2 00 

VoL n. Design of Simple Structures (In Preparation.) 

Vol. in. Design of Advanced Structures (In Preparation.) 

Thiess, J. B., and Joy, G. A. Toll Telephone Practice 8vo, *3 50 

Thom, C, and Jones, W. H. Telegraphic Connections.. . .oblong, i2mo, z 50 

Thomas, C. W. Paper-makers' Handbook (In Press.) 

Thompson, A. B. Oil Fields of Russia 4to, *7 50 

Petroleum Mining and Oil Field Development 8vo, *5 00 

Thompson, S. P. Dynamo Electric Machines. (Science Series No. 75.) 

i6mo, o 50 

Thompson, W. P. Handbook of Patent Law of All Countries x6mo, z 50 

Thomson, G. S. Milk and Cream Testing z2mo, *z 75 

Modem Sanitary Engineering, House Drainage, etc 8vo, *3 00 

Thomley, T. Cotton Combing Machines 8vo, "^3 00 

Cotton Waste 8vo, *3 00 

Cotton Spinning. 8vo. 

First Year *z 50 

Second Year ^2 50 

Third Year *2 50 

Thurso, J. W. Modem Turbine Practice 8vo, *4 00 

Tidy, C. Meymott. Treatment of Sewage. (Science Series No. 94. )i6mo, o 50 
Tillmans, J. Water Purification and Sewage Disposal. Trans, by 

Hugh S. Taylor 8vo, 

Tinney, W. H. Gold-mining Machinery 8vo, *3 00 

Titherley, A. W. Laboratory Course of Organic Chemistry 8vo, *2 00 

Toch, M. Chemistry and Technology of Mixed Paints 8vo, *3 00 

Materials for Permanent Painting z2mo, *2 00 

Todd, J., and Whall, W. B. Practical Seamanship 8vo, *7 50 

Tonge, J. Coal. (Westminster Series.) 8vo, *2 00 
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Townsend, F. Alternating Current Engineering 8vo, boards, *o 75 

Townsend, J. Ionization of Gases by Collision. 8vo, *i 25 

Transactions of the American Institute of Chemical Engineers, 8vo. 

Vol. L 1908 *6 00 

Vol. n. igop *6 00 

Vol. in. 1910 *6 00 

Vol. IV. 1911 *6 00 

Vol. V. 1912 ^6 00 

Traverse Tables. (Science Series No. 115.) i6mo, o 50 

morocco, i 00 
Trinks, W., and Houstun, C. Shaft Governors. (Science Series No. 1 22.) 

i6mo, o 50 

Trowbridge, W. P. Turbine Wheels. (Science Series No. 44.) . . i6mo, o 50 

Tucker, J. H. A Manual of Sugar Analysis 8vo, 3 50 

Tunner, P. A. Treatise on Roll-turning. Trans, by J. B. Pearse. 

8vo, text and folio atlas, 10 00 
Tumbull, Jr., J., and Robinson, S. W. A Treatise on the Compound 

Steam-engine. (Science Series No. 8.) i6mo, 

Turrill, S. M. Elementary Course in Perspective i2mo, *i 25 

Underbill, C. R. Solenoids, Electromagnets and Electromagnetic Wind- 
ings i2mo, *2 00 

Urquhart, J. W. Electric Light Fitting i2mo, 2 00 

Electro-plating i2mo, 2 00 

Electrotyping i2mo, 2 00 

Electric Ship Lighting i2mo, 3 00 

XJsbome, P. O. G. Design of Simple Steel Bridges 8vo, *4 00 

Vacher, F. Food Inspector's Handbook i2mo, *2 50 

Van Nostrand's Chemical Annual. Second issue 1909 i2mo, *2 50 

Year Book of Mechanical Engineering Data. First issue 1912 (In Press.) 

Van Wagenen, T. F. Manual of Hydraulic Mining i6mo, i 00 

Vega, Baron Von. Logarithmic Tables 8vo, cloth, 2 00 

half morroco, 2 50 
Villon, A. M. Practical Treatise on the Leather Industry. Trans, by 

F. T. Addyman ....*. 8vo, *io 00 

Vincent, C. Ammonia and its Compounds. Trans.byM. J. Salter. 8vo, *2 00 

Volk, C. Haulage and Winding Appliances 8vo, *4 00 

Von Georgievics, G. Chemical Technology of Textile Fibres. Trans. 

by C. Salter 8vo, *4 50 

Chemistry of Dyestuff s. Trans, by C. Salter 8vo, *4 50 

Vose, G. L. Graphic Method for Solving Certain Questions in Arithmetic 

and Algebra (Science Series No. 16.) i6mo, o 50 

Wabner, R. Ventilation in Mines. Trans, by C. Salter 8vo, *4 50 

Wade, E. J. Secondary Batteries 8vo, *4 00 

Wadmore, T. M. Elementary Chemical Theory i2mo, *i 50 

Wadsworth, C. Primary Battery Ignition i2mo, *o 50 

Wagner, E. Preserving Fruits, Vegetables, and Meat z2mo, *2 50 

Waldram, P. J. Principles of Structural Mechanics i2mo, *3 00 

Walker, F. Aerial Ni^vigation 8vo, 2 00 

Dynamo Building. (Science Series No. 98.) z6mo, o 50 
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Walker, F. Electric Lighting for Marine Engineers 8vo, 2 00 

Walker, S. F. Steam Boilers, Engines and Turbines 8vo, 3 00 

Refrigeration, Heating and Ventilation on Shipboard i2mo, *2 00 

Electricity in Mining 8vo, *3 50 

Wallis-Tayler, A. J. . .Bearings and Lubrication Svo, *i 50 

Aerial or Wire Ropeways , 8vo, *3 00 

Motor Cars 8vo, i 80 

Motor Vehicles for Business Purposes 8vo, 3 50 

Wallis-Tayler, A. J.. . Pocket Book of Refrigeration and Ice llaking. 1 2mo, i 50 

Refrigeration, Cold Storage and Ice-Making 8vo, *4 50 

Sugar Machinery i2mo, *2 00 

Wanklyn, J. A. Water Analysis i2mo, 2 00 

Wansbrough, W. D. The A B C of the Differential Calculus x2mo, *i 50 

Slide Valves i2ino, *2 00 

Ward, J. H. Steam for the Million 8vo, i 00 

Waring, Jr., G. E. Sanitary Conditions. (Science Series No. 31.). . x6mo, 50 

Sewerage and Land Drainage *6 00 

Waring, Jr., G. £. Modem Methods of Sewage Disposal i2mo, 2 00 

— How to Drain a House i2mo, i 25 

Warren, F. D. Handbook on Reinforced Concrete 12 mo, *2 50 

Watldns, A. Photography. (Westminster Series.) 8vo, *2 00 

Watson, £. P. Small Engines and Boilers i2mo, z 25 

Watt, A. Electro-plating and Electro-refining of Metals 8vo, *4 50 

• Electro-metallurgy i2mo, i 00 

• The Art of Soap-making 8vo, 3 00 

— Leather Manufacture , 8vo, *4 00 

Paper-Making 8vo, 3 00 

Weale, J. Dictionary of Terms Used in Architecture 12 mo, 2 50 

Weale's Scientific and Technical Series. (Complete list sent on applica- 
tion.) 

Weather and Weather Instruments i2mo, i 00 

paper, o 50 

Webb, H. L. Guide to the Testing of Insulated Wires and Cables. . i2mo, z 00 

Webber, W. H. Y. Town Gas^ (Westminster Series.) 8vo, *2 00 

Weisbach, J. A Manual of Theoretical Mechanics 8vo, *6 00 

sheep, *7 50 

Weisbach, J., and Herrmann, G. Mechanics of Air Machinery 8vo, *3 75 

Welch, W. Correct Lettering. (In Press.) 

Weston, E. B. Loss of Head Due to Friction of Water in Pipes . . . i2mo, 'I'z 50 

Weymouth, F. M. Drum Armatures and Commutators 8vo, *3 00 

Wheatley, O. Ornamental Cement Work (In Press.) 

Wheeler, J. B. Art of War Z2mo, z 75 

Field Fortifications z2mo, z 75 

Whipple, S. An Elementary and Practical Treatise on Bridge Building. 

8vo, 3 00 

White, A. T. Toothed Gearing z2mo, *z 25 

Whithard, P. Illuminating and Missal Painting z2mo, z 50 

Wilcox, R. M. Cantilever Bridges. (Science Series No. 25.) z6mo, o 50 

Wilda, H. Steam Turbines. Trans, by C. Salter z2mo, z 25 

Wilkinson, H. D. Submarine Cable Laying and Repairing 8vo, *6 00 

Williams, A. D., Jr., and Hutchinson, R. W. The Steam Turbine (In Press.) 
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Williamson, J., and Blackadder, H. Surveying 8vo, (In Preaa.) 

Williamson, R. S. On the Use of the Barometer 4to, 15 00 

Practical Tables in Meteorology and Hypsometery 4to, 2 50 

Willson, F. N. Theoretical and Practical Graphics 4to, *4 00 

Wilson, F. J., and Heilbron, L M. Chemical Theory and Calculations. 

i2mo, *i 00 

Wimperis, H. £. Internal Combustion Engine 8vo, "^^s 00 

Primer of Internal Combustion Engine i2mo, *i 00 

Winchell, N. H., and A. N. Elements of Optical Mineralogy 8vo, *s 50 

Winkler, C, and Lunge, G. Handbook of Technical Gas- Analysis. . .8vo, 4 00 

Winslow, A. Stadia Surveying. (Science Series No. 77.) i6mo, o 50 

Wisser, Lieut. J. P. Explosive Materials. (Science Series No. 70.). 

i6mo, o 50 

Wisser, Lieut. J. P. Modern Gun Cotton. (Science Series No. 89.) i6mo, 050 

Wood, De V. Luminiferous Aether. (Science Series No. 85.) i6mo, o 50 

Worden, E. C. The Nitrocellulose Industry. Two Volumes 8vo, *io 00 

— Cellulose Acetate 8vo, (In Prew.) 

Wright, A. C. Analysis of Oils and Allied Substances 8vo, *3 50 

Simple Method for Testing Painters* Materials 8vo, *2 50 

Wright, F. W. Design of a Condensing Plant i2mo, '^'i 50 

Wright, H. E. Handy Book for Brewers. 8vo, *5 00 

Wright, J. Testing, Fault Finding, etc., for Icemen. (Installation 

Manuals Series.) i6mo, *o 50 

Wright, T. W. Elements of Mechanics 8vo, *2 50 

Wright, T. W., and Hayford, J. F. Adjustment of Observations 8vo, '*'3 00 

Young, J. E. Electrical Testing for Telegraph Engineers 8vo, *4 00 

Zahner, R. Transmission of Power. (Science Series No. 40.) .... i6mo, 

Zeidler, J., and Lustgarten, J. Electric Arc Lamps 8vo, *2 00 

Zeuner, A. Technical Thermodynamics. Trans, by J. F. Klein. Two 

Volumes 8vo, *8 00 

Zimmer, G. F. Mechanical Handling of Material 4to, '^'lo 00 

Zipser, J. Textile Raw Materials. Trans, by C. Salter 8vo, *5 00 

Zur Nedden, F. Engineering Workshop Machines and Processes. Trans. 

by J. A. Davenport 8vo *2 00 
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arc prepared to supply, either from 

their complete stock or at 

short notice. 
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In addition to publishing a very large 
and varied number of Scientific and 
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Company have on hand the largest 
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